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Introduction

“Skills are the currency for the 21* century — they will be decisive for economies,

societies and the prospects of people” (OECD, 2013)

DEMOGRAPHIC CHANGE belongs to the mega-trends of the 20" and the 21°! century.
While major industrialized countries like Japan, Germany, or Italy exhibit already
strongly aging populations, emerging economies like China and India are going
to follow the same process in the future. This process is driven by the two major
forces; declining fertility rates and increasing life expectancy. Figure 0.1 depicts
data and forecasts of demographic researchers of the United Nations for all six

continents and the world (United Nations, 2013, cf.). The left panel shows the total

Figure 0.1: Demographic Data and Projections for the Continents and the World
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Source: United Nations (2013), data and medium fertility prospects. Notes: The total fertility rate
equals the number of children per woman over her reproductive period. Life expectancy
measures the average years a newborn lives from the respective period onward.

fertility rate which is measured as children per woman. Since the invention of the
birth control pill in the 1960s, fertility has declined massively. While a woman had
on average about 5 children back in 1950, the number dropped to less than 3 in
2000 and is expected to decline further to about 2 by 2100. The right panel shows
life expectancy of an individual at birth. It has increased considerable over recent
decades and is expected to increase further, from about 50 years back in 1950 to
more than 80 years in 2100. Albeit differences in magnitude and timing, all conti-

nents show a similar pattern.
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Both, academic literature and the political debate have discussed the implications
of population aging in industrialized countries for many decades. Some of them
speak of a silver revolution. For example, Siegel (1998) and Schieber and Shoven
(1997) elaborate on an “asset market meltdown” (Poterba, 2001) when baby boomers
retire and sell largely their assets in order to finance consumption. Others suspect
a decay of public social security in the future, especially, in the case of pay-as-
you-go financed pension systems. Among those are De Nardi, Imrohoroglu, and
Sargent (1999), Storesletten (2000), Attanasio, Kitao, and Violante (2007), Borsch-
Supan, Ludwig, and Winter (2006), Ludwig and Reiter (2010). One strand of the
economic literature elaborates on the role of behavioral responses of households
to the new market conditions which arise in the course of the demographic tran-
sition. From a macroeconomic perspective, the ongoing aging process gives rise
to the relative scarcity of raw labor and the relative abundance of physical capi-
tal. Standard models suggest that this decreases asset returns and increases wages
in general equilibrium. Meanwhile, Borsch-Supan, Ludwig, and Winter (2006),
Lee and Mason (2010), Ludwig and Vogel (2010), and Ludwig, Schelkle, and Vogel
(2012), among others, argue that the joint decline of interest rates and increase of
wages offers individuals an incentive for more human capital accumulation and
labor supply. This, in turn, dampens the labor scarcity in an economy and the as-

sociated price effects.

This thesis quantifies the price and welfare effects of demographic change using
the example of Germany and the U.S. It accounts for human capital along the di-
mensions of tertiary education and on-the-job investments as well as for hours

worked and reveals their relative importance.

The thesis consists of three self-contained chapters. Each of them makes use of a
large-scale overlapping generations model in the tradition of Auerbach and Kot-
likoff (1987). Chapters 1 and 2 take demographic forecasts as given and simulate
the resulting economic dynamics for Germany and the U.S. respectively. While
chapter 1 analyzes both, the inter- and the intra-generational dimension, chapter
2 focuses on the latter. Chapter 3 deviates from the first two chapters in that it con-
tributes to the literature of computational economics. More precisely, it develops
a method which deals with the computational challenges of transitional dynamics
in heterogeneous agent models with aggregate risk. This method can be applied to
large-scale overlapping generations as well as other models with heterogeneous

agents and is employed in chapter 2.
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Chapter 1 investigates the impact of demographic change on the distributions
of income, skills, and welfare in the German economy along the inter- and the
intra-generational dimension." It builds on an overlapping generations model in
the tradition of Auerbach and Kotlikoff (1987) with households being heteroge-
neous in their (innate) ability for studying in college. The model accounts for
capital-skill complementarity and several endogenous household choices. House-
holds initially choose whether to receive tertiary education which splits them into
high-school and college types, thereby, determining their degree of substitutability
against capital in production. On a period-by-period basis, households decide on
consumption as well as on the time they spend both, in the labor market and on

skill formation on-the-job.

The major contribution of the chapter is to show quantitatively the impact of de-
mographic change on different skill groups and to reveal how households will react
rationally to the altered market conditions arising from demographic change. Fur-
thermore, the chapter highlights the relevance of past skill-biased technological

change for the future dynamics of the income and skill distributions.

Forecasts by United Nations (2013) under medium fertility assumptions predict
that the working age-to-total population ratio defined as the population at age 20—
64 divided by the total population shows a severe drop of more than 10 percentage
points until 2050. Even when accounting for a step-wise increase of the statutory
retirement age to 67 as implemented by the German government in 2007 the drop

in the working age-to-total population ratio remains substantial.”

The quantitative experiments reveal the following effects of demographic change
comparing year 2010 to year 2050: 1) The skill premium declines by about 15 per-
centage points while the college educated share in the workforce increases by
about 3 percentage points. 2) The interest rate falls by 1 percentage point while the
average wage increases by about 20% induced by a substitution of labor by capital
and the aforementioned skill increase in the production. 3) The replacement rate
falls massively by about 40 percentage points if the contribution rate to the public

pension system is held fix.

Welfare effects of demographic change are substantial and vary between —3% and
+2% of consumption in every period of lifetime depending on skill group and gen-
eration. All currently living generations lose. Despite the drop in the skill premium

demographic change benefits skilled over unskilled households. This is mainly due

!Chapter 1 is based on the working paper Geppert (2015b).
’In that case, the working age-to-total population ratio would decrease to about 53 percent by
the year 2050 using medium fertility prospects.



List of Tables

to the co-incident decline of the interest rate which makes borrowing for educa-
tion less costly. While less able households benefit strongly from equilibrium ef-
fects arising from a higher college share in the workforce, more able households

benefit rather from higher idiosyncratic human capital investments on the job.

As a secondary result, the quantitative experiments show that past skill-biased
technological change will depress strongly the future skill premium by additional
15 percentage points due to an ongoing increase in the relative supply of college
workers. This causes strong welfare losses for college households of up to 8% of
consumption in every period of lifetime. Note that the prediction of a strongly
declining earnings premium and the associated welfare consequences could be
turned around in case of ongoing skill-biased technological change in the future.
However, this chapter remains agnostic with respect to the direction of techno-
logical change in the future in the sense that all future change in technology is

assumed to be skill-neutral.

Chapter 2 contributes to the literature on the role of aging for asset pricing.’
More precisely, it disentangles the effect of demographic change on returns to risk-
free and risky assets in the U.S. and measures the net effect on their differential
return, the equity premium. Therefore, it builds on an overlapping generations
structure in the tradition of Auerbach and Kotlikoft (1987) with aggregate risk.
The model accounts for idiosyncratic earnings risk and an endogenous portfolio
choice. On a period-by-period basis, households decide on consumption as well
as on the fraction of wealth which they want to save in stocks, bonds, and human
capital.

The major contribution of the chapter is to quantify the effect of demographic
change on asset returns in a model with a realistic periodicity of one year. Fur-
thermore, it reveals the effect of increased human capital investments on financial

market prices in the course of demographic change.

Forecasts of Human Mortality Database (2008) and United Nations (2007), predict
a decline in the working age to population ratio by roughly 9 percentage points
between 2010 and 2030. Our preliminary results show that the expected decrease
of the average stock return until 2030 is in the order of magnitude of 0.16 percent-
age points. The decrease of the risk-free interest rate on bonds is slightly higher

such that the equity premium increases by about 0.08 percentage points. These

3Chapter 2 is based on the working paper Geppert and Ludwig (2015) joint with Professor Alexan-
der Ludwig.
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relatively mild changes in returns and the equity premium result from an inter-
play of three main effects. First, older households on average hold relatively fewer
equity than younger households in the model as well as in the data Ameriks and
Zeldes, 2004.* Demographic change increases the size of the old population rel-
ative to the young which drives up the relative demand for government bonds
thereby increasing its relative price. Consequently, the equity premium tends to
increase. The second effect is a portfolio adjustment effect isolated in Kuhle (2008)
that works in the opposite direction: Ignoring the first effect, suppose that demo-
graphic change would lead to a decrease of the expected rates of return on both
assets by the same amount (such that the ex-ante equity premium is constant). For
a positive equity premium, then, the percentage decrease of the risk-free rate of
return is higher such that the investor increases her relative portfolio shares of
equity. Consequently, the demand for bonds decreases. Hence, the equilibrium
decrease of the equity premium is smaller than the first effect would postulate in
isolation. Third, and most importantly, endogenous human capital adjustments
have a large effect. As societies are aging, labor becomes a relatively scarce factor
and households increase human capital investments. This increases productivity
thereby decreasing the downward pressure on asset prices. If we instead hold the
human capital shares constant, then the negative effects on asset returns are much
larger. In that scenario, the average stock return decreases by about 0.70 percent-
age points until 2030 and the equity premium increases by about 0.27 percentage

points.

A welfare analysis shows that the decline of asset returns and the co-incident in-
crease of the human capital return benefits future generations relative to gener-
ations born in the past. Again, human capital adjustments reduce welfare conse-

quences and their differences across generations considerably.

Chapter 3 develops a new method for computing transitional dynamics in het-
erogeneous agent models with aggregate risk.” Macroeconomic analyses use in-
creasingly that kind of model in order to address questions which are related to
both, inter- and intra-generational heterogeneity and, in particular, associated pol-
icy concerns. The method applies to the (stochastic) transition of such an economy
if this transition is induced by exogenous deterministic dynamics such as, e.g., a

fundamental tax reform or demographic change as assumed in the first two chap-

*According to Ameriks and Zeldes (2004) life-cycle portfolio shares do not vary much with age
conditional on participation but participation decreases around the age of retirement.
>Chapter 1 is based on the working paper Geppert (2015a).
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ters. Assuming that households forecast the evolution of aggregate variables by
applying an aggregate law of motion as suggested by Krusell and Smith (1997,
1998) such a transition induces time dependency of the aggregate law of motion.
Using ideas from Judd (2002), the method parameterizes this dependency on time

and is particularly easy to implement.

The major contribution of the new method is a particular small number of coeffi-
cients in the aggregate laws of motion to be determined. In the alternative standard
brute force KS approach, in which one specifies a separate law of motion for each
period in the transition, the coefficients of the laws of motion are identified solely
by cross-sectional variation. Meanwhile, the coefficients of the time polynomials
are identified by both, cross-sectional and time variation. Accordingly, the new
method requires a much smaller number of simulations of the economy along the

transition compared to the alternative brute force approach.

The illustration of the method uses an overlapping generations model with aggre-
gate shocks in which a fundamental tax reform induces transitional dynamics. The
quantitative experiment reveals a substantial reduction of total computing time by
about 40% compared to the brute force approach. Euler equation errors as well as
errors from one-period-ahead and multi-periods-ahead predictions of the aggre-

gate state variable are very low and similar in size to the brute force approach.



On the Distributional Implications of

Demographic Change

1.1 INTRODUCTION

Like all other major economies, Germany faces severe population aging within
the next decades. Figure 1.1 depicts the expected evolution of the working age-to-
total population ratio by United Nations (2013) holding fix the retirement age at
65. The graph shows a severe drop of more than 10 percentage points until 2050.
Even when accounting for a step-wise increase of the statutory retirement age to
67, as implemented by the German government in 2007, the drop in the working

age-to-total population ratio remains substantial.’

These strong changes in the population structure will have important implications
for the macroeconomic composition of capital and labor in the production as Lud-
wig, Schelkle, and Vogel (2012) remark. From a theoretical macroeconomic per-
spective, labor becomes ceteris paribus a scarce factor in an aging economy if la-
bor market participation, education, or human capital formation do not increase
strongly. In this case, labor is partially substituted by physical capital which, in
turn, leads to increasing wages and decreasing interest rates. Furthermore, in the
presence of capital-skill complementarity the abundance of physical capital ben-
efits some workers more than others. Krusell et al. (2000) show that the latter is
key for the explanation of the trend rise in the skill premium? in the U.S. over a
course of thirty years. Hence, the aging process gives rise to an increase in intra-
generational inequality in addition to the often discussed shift in inter-generational
inequality. The latter arises from changes in the overall wage level, the interest

rate, and the generosity of pay-as-you-go (PAYG) financed pension systems over

!In that case, the working age-to-total population ratio would decrease to about 53 percent by
the year 2050 using medium fertility prospects.

The authors define the skill premium as the ratio of wages paid to college workers to wages paid
to non-college workers while this paper refers to the corresponding ratio of earnings.
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Figure 1.1: Expected Demographic Change in Germany

working age—to-total population ratio

62

50 ‘ ‘ ‘
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Source: Own calculations based on United Nations (2013) using medium fertility prospects and
holding the retirement age fix at 65. Note that taking account of the step-wise increase of the
statutory retirement age to 67 as implemented by the German government in 2007 would lead to
a working age-to-total population ratio in 2050 of about 53%.

time. However, the evolution of the aggregate of labor services®’ depends heavily
on individual household behavior. Adjustments of the latter with respect to la-
bor market participation (along the intensive and the extensive margin) and labor
productivity might counteract or even overturn the labor scarcity along with the

aforementioned resulting effects in equilibrium.

Against that background, this paper investigates the impact of demographic change
on the distributions of income, skills, and welfare in the German economy, along
the inter- and the intra-generational dimension. Therefore, it builds on an over-
lapping generations structure in the tradition of Auerbach and Kotlikoff (1987)
with households being heterogeneous in their (innate) ability for studying in col-
lege. The model accounts for capital-skill complementarity and several endoge-
nous household choices. Households initially choose whether to receive tertiary
education which splits them into high-school and college types thereby determin-
ing their degree of substitutability against capital in production. On a period-by-
period basis, households decide on consumption as well as on the time they spend

both, in the labor market and on skill formation on-the-job.

The major contribution of the paper is to show quantitatively the impact of demo-

3Throughout the paper, the terms “effective hours of labor supply”, “effective labor supply”, and
“labor services” all refer to the productivity weighted hours of labor supply.
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graphic change on different skill groups and to reveal how households can react
to the altered market conditions arising from demographic change. Furthermore,
the paper highlights the relevance of past skill-biased technological change for the

future dynamics of the income and skill distribution.

The quantitative experiments reveal the following effects of demographic change
comparing year 2010 to year 2050: 1) The skill premium declines by about 15 per-
centage points while the college educated share in the workforce increases by
about 3 percentage points. 2) The interest rate falls by 1 percentage point while the
average wage increases by about 20% induced by a substitution of labor by capital
and the aforementioned skill increase in the production. 3) The replacement rate
falls massively by about 40 percentage points if the contribution rate to the public

pension system is held fix.

Welfare effects of demographic change* are substantial and vary between —3%
and +2% of consumption in every period of lifetime depending on skill group and
generation. All currently living generations lose. Despite the drop in the skill
premium, demographic change benefits skilled over unskilled households. This is
mainly due to the co-incident decline of the interest rate which makes borrow-
ing for education less costly. While less able households benefit strongly from
equilibrium effects arising from a higher college share in the workforce, more able
households rather benefit from higher idiosyncratic human capital investments on
the job.

As a secondary result, the quantitative experiments show that past skill-biased
technological change will depress the future skill premium by additional 15 per-
centage points due to an ongoing increase in the relative supply of college workers.
This causes strong welfare losses for college households of up to 8% of consump-
tion in every period of lifetime. Note that the prediction of a strongly declin-
ing earnings premium and the associated welfare consequences could be turned
around in case of ongoing skill-biased technological change in the future. How-
ever, this paper remains agnostic with respect to the direction of future techno-
logical change in the sense that all future change in technology is assumed to be

skill-neutral.

After a brief literature review in the next section the theoretical model in use is

described in section 1.3. Section 1.4 elaborates on the quantitative approach of

“Note that all welfare measures throughout the paper exclude welfare gains from increasing sur-
vival probabilities over time which are exogenous in this model.
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the paper and the calibration of the model. Results from simulations are shown in

section 1.5. Finally, section 1.6 concludes.

1.2 RELATION TO THE LITERATURE

This paper relates to three strands of the literature.

The first strand deals with the welfare consequences of demographic change. Here,
the focus has been on the sustainability of PAYG financed public social security
systems and the related inter-generational effects. This paper is closest in rela-
tion to the part of that literature which highlights the importance of changes in
household behavior in response to the altered economic conditions arising from
demographic change. Among those De Nardi, Imrohoroglu, and Sargent (1999)
and Ludwig, Schelkle, and Vogel (2012) are in a closed economy setting. The for-
mer paper raises the problem of excess burden due to distortionary government
policies which try to maintain past welfare levels. The latter finds that equilibrium
effects on wages and interest rates which arise in aging economies induce higher
incentives for human capital formation. The authors show that those higher hu-
man capital investments mitigate the effects of demographic change on macroe-
conomic aggregates and prices, and reduce welfare losses of middle aged agents
substantially. The results complement similar findings with respect to endogenous
labor supply by Borsch-Supan, Ludwig, and Winter (2006). Based on those find-
ings, this paper adds to the literature on the welfare consequences of demographic
change by accounting for the dimension of intra-cohort inequality and by investi-

gating the role of tertiary education.

Based on the importance of interest rate dynamics for the welfare consequences of
demographic change Borsch-Supan, Ludwig, and Winter (2006), Kriiger and Lud-
wig (2007), and Attanasio, Kitao, and Violante (2007) extend the investigation to
an open economy setting in which different regions of the world age at different
paces. The authors show that capital flows evolve from more to less strongly aging
regions of the world and evaluate the associated consequences for social security

systems, a task that this paper leaves for future research.

Within a second related strand of the literature, researchers claim that reductions
in mortality rates have positive incentives for education and human capital for-
mation from a theoretical point of view. Among those are De La Croix and Lican-
dro (1999), Kalemli-Ozcan, Ryder, and Weil (2000), Boucekkine, Croix, and Lican-

10
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dro (2002), Boucekkine, Croix, and Licandro (2003), Lagerlof (2003), Soares (2005),
and Cervellati and Sunde (2005). Moreover, Cervellati and Sunde (2013) disprove
Hazan (2009)’s claim that a necessary condition for positive incentives to arise is
an increase in lifetime labor supply. These theoretical findings are confirmed by
an empirical literature which suggests a positive causal effect of higher life ex-
pectancy on educational attainment, cf., e.g., Bleakley (2007), Jayachandran and
Lleras-Muney (2009), and Oster, Shoulson, and Dorsey (2013).

The third strand of the literature is concerned with the past evolution of the skill
premium and the wage distribution. Dustmann, Ludsteck, and Schonberg (2009) as
well as Fuchs-Schiindeln, Krueger, and Sommer (2010) elaborate on recent empir-
ical trends in Germany and are important sources for the calibration of the model
in this paper. In a seminal paper, Katz and Murphy (1992) set up a simple sup-
ply and demand model of the labor market. They show that the model, together
with some latent time trend in relative demand for skilled labor, is able to explain
the evolution of the U.S. skill premium from 1963 to 1987. The results of Katz and
Murphy (1992) have led many economists to search for the economic forces behind
the measured time trend interpretable as latent skill-biased technological change.
Among those, Krusell et al. (2000) show that a negative time trend in the price of
capital equipment relative to the price of capital structures can explain the overall
rise in the U.S. skill premium between 1963 and 1992. The result is based on the
complementarity between capital equipment and skilled labor. However, in both
papers the relative supply of aggregate effective labor hours by skilled versus un-
skilled households is key for the throughout explanation of the evolution of the
skill premium. This is true in particular for the decline of the latter in the 1970s.
While Krusell et al. (2000) neglect the efficiency part and account only for the rel-
ative supply of labor hours, Heckman, Lochner, and Taber (1998) do the opposite.
In fact, they set up a model with endogenous productivity along two margins.
First, households decide on tertiary education at the beginning of the life cycle
and, second, they choose the time that they spend on on-the-job skill formation
on a period-by-period basis.

This paper adds to that strand of the literature by accounting for both, endogenous
hours and productivity of labor supply, and by investigating their relative impor-
tance for the evolution of the skill premium in earnings. From a technical point
of view the education decision is modeled based on Willis and Rosen (1979) and
Keane and Wolpin (1997). The endogenous decisions on human capital and labor
supply are in line with Becker (1967) and Ben-Porath (1967).
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Chapter 1 On the Distributional Implications of Demographic Change

1.3 MODEL

1.3.1 TiME AND DEMOGRAPHICS

Time is discrete and runs from ¢ = 0,1,...,00. In every period, the economy
is populated with J + 1 overlapping generations and the population structure’
is time-dependent and exogenous. Households enter the economy at the age of
| = 0, have the possibility to go to college® at ages j = 0, ..., j,, — 1, retire at the
age of j = j,, and live at most until turning 7 = J + 1 years. The population of
age j in time period ¢ is denoted by NNV, ; and the total population in time period ¢
equals IV, = Zj:o N, ;. Households face mortality risk represented by exogenous
survival probabilities. ¢, ; is the probability of a household at age j and time ¢ to

survive until the next period.

1.3.2 INNATE ABILITY AND ENDOWMENTS

A household enters the economically relevant time of life at age j = 0 being
equipped with an idiosyncratic innate ability for tertiary education which is fully
observable. The ability, indicated by superscript a, is represented exclusively by the
amount of time per period, i, which the household will have to spend on studying
if it chooses to accomplish tertiary education. Technically speaking, upon entering
the economy, a household draws from an ability distribution which is independent
and identical across all newborn households in the course of time:

i XD, 0?) (1.1)
where D is some distribution with mean ; and variance 0. Moreover, a newborn
household is endowed with a positive initial level of human capital, h{, = ho >
0, but neither physical capital, k{, = ko = 0, nor claims to the public pension
system, bj, = by = 0, for all ¢. Note that all endowments are time-independent

and identical across households.

°T use the terms demographic distribution and population structure interchangeably throughout
the paper indicating the distribution of the population by age.

%1 use the terms tertiary education, formal education, schooling, and college (C) interchangeably
throughout the paper.
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1.3 Model

1.3.3 OrTIMAL EDUCATION AND SUBSEQUENT CHOICES

At the beginning of life, a household faces the decision of accomplishing tertiary
education or not. In the following, I will speak of college (C) and high-school
(#H) households respectively. Attending college implies a time investment as was
described in section 1.3.2.” In return, the household accumulates human capital
and joins the tertiary educated labor force upon graduation. Trading off costs

against benefits leads to the optimal educational choice given by

So = { @S (1 o, b } 12
to = arg maz, vy (Ko, ho, bo) (1.2)

where v} (-) is the lifetime utility of a household with ability a from schooling S

in period ¢ at age j = 0.

In each single period, a household chooses consumption, ¢, hours spent on on-
the-job human capital development®, i, and hours supplied to the labor market, /,
based on an utilitarian preference function, u(c, 1 — ¢ — [). u(-) fulfills standard
assumptions, further specified in section 1.4.2, and features that a household gains
utility from consumption and leisure, 1 —i—I. Please see section 1.A.1 for a detailed

derivation of the solution to the household problem.

1.3.4 WEALTH ACCUMULATION

Over the course of life, a household accumulates physical capital, human capital,

and pension benefit entitlements as specified below.

The dynamic budget constraint is given by
cgj + k?+1,j+1 = 6?7]' +(1+ TtK) : k’f,j (1.3)
where

(L=m)-rf - hi; 18, if j<ip
Pi(bE;) else

"Note that tertiary education does not involve any pecuniary private costs other than foregone
wages which comes close to the German university system.

8Note that currently enrolled college students are excluded from on-the-job human capital devel-
opment by assumption such that their i equals i® as described in section 1.3.2.
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Chapter 1 On the Distributional Implications of Demographic Change

are net earnings and pension benefits respectively. 7 is the return on labor ser-
vices, h - [, of an agent with education level S. Labor services denote the human
capital (productivity) weighted hours of labor supply. 7 is the contribution rate to
the pension system, and P(-) is the pension benefit function. Note that the gross
hourly wage of an agent with ability a and education level S, which is the observ-

able variable in the data, equals ¥ - h{ ;.

Human capital represents the idiosyncratic labor productivity of a household. It

accumulates according to the following law of motion:

ho if jH+1<j, A S=C
tj=S0+h)-hy if j+1=j, AN S=C (1.4)
@ (hi;if;)  else.

While studying in college, households remain at the initial human capital level,
ho. Upon graduation, they receive a fix markup, A, on their human capital stock
and join the tertiary educated labor force.” Households which are not currently
enrolled in college are able to accumulate human capital by on-the-job time in-
vestments, 7. The accumulation evolves according to the well-known production
function ¢ (h, i) going back to Ben-Porath (1967). Note that ¢°(-) differs by edu-
cation type reflecting the difference in the evolution of labor productivity over the

life cycle between educational groups observed in the data.'

Households collect benefit claims to the public pension system through their work-

ing life cycle:

V(b ety) if <

a
bt ; else

(1.5)

a —
t+1,5+1

where 9J(+) is an increasing function in both of its arguments which implies that

new benefit claims are earnings related.

The jump in the human capital profile upon graduation indicates the newly achieved possibility
to apply for jobs which require a formal tertiary degree and is in line with the approach of
Kindermann (2014).

9Note that limited data availability inhibits a further break down into ability classes among those
groups as was already pointed out by Kindermann (2014, p. 14).
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1.3 Model

1.3.5 ProDUCTION

Production takes place with a constant returns to scale production function which
is based on Krusell et al. (2000). It features that labor services of different education

types are not perfect substitutes:

E(Kt,LZ{,LS) —{ay - [Tt . Lﬂpz
F(1—a0) (- (K7 + (1—an) - (1, L) |7y
(1.6)

where 0 < a1 < 1,0 < ay < 1, p; < 1,and py < 1. K is the aggregate stock
of physical capital. L and L* denote the aggregate inputs of labor services by
college graduates and high-school households respectively. T; denotes the labor
augmenting technology which improves at the exogenous fix rate g, i.e, T, =
(14 g) - Y, for all t. Note that this represents skill-neutral technological progress
in the economy and captures trend growth in output per capita.'’ 1/(1 — p;) is the
elasticity of substitution between college labor, LY, and capital, K;, while 1/(1—p,)
is the elasticity of substitution between college labor (or capital) and high school
labor, L}, holding fix the relative price between college labor and capital. If p; is

smaller than p, the economy features capital-skill complementarity (CSC).

Perfect competition among firms leads to standard first order conditions of the

firm problem stating that prices equal marginal products minus depreciation:

OF, OF, OF,
K _ vt sK [ H _ t c _ t
Tt - aKt ) Tt aL;H’ rt aLtC (17)

1.3.6 GOVERNMENT

The government plays a twofold role in this model.

First, it runs a pay-as-you-go (PAYG) pension system. In any period ¢, earnings of
workers are taxed at the rate 7, whereas households in retirement (j > j,) receive
a pension. The condition for a balanced budget of the PAYG system in every period

1S:

Jr—=1

J
Tt ZNt,j . /Tf hi -1 - Ca) da = ZNW . /Pt(bﬁj) -((a)da  (1.8)
j:O j:jr

Note that growth is only balanced in the model in the case of a stationary demographic distri-
bution.
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Chapter 1 On the Distributional Implications of Demographic Change

where ((a) denotes the fraction of the population with ability, a.

Second, the government taxes accidental bequests of physical capital by departed

households at 100% and uses it for government consumption:

J

G = Z(l —S—15-1) - Necrjo /(1 +rf) . k- C(a) da (1.9)

J=1

1.3.7 EQUILIBRIUM

Given the exogenous distributions of the population weights, {{V ;}7_,}/_,, and
the survival rates, {{<;}7_y}/_o, the exogenous time-constant ability distribution
D, as well as initial stocks of human capital, physical capital, and pension bene-
fit entitlements, hg, ko, by, a competitive equilibrium consists of sequences of in-
dividual variables, {{{c{;, I, 1 ;, h{\1 ji1: K1 i1 Ui 1 ba) =0 }i=o» SEquUences
of aggregate variables, { L7, L, K; 1, Y}, Gy, Cy, IK}L,, government policies {7,
9¢(+), Pe(-) YL, and prices, {r/*,7¢, rE}L_, such that'’

1. households behave optimally as according to equations (1.2) and (1.26-1.28),
2. firms behave optimally as according to the equations in (1.7),

3. factor markets clear:

J

Ko = Z Nij - /kg+1,j+1 -((a) da (1.10)
=0
1

Li=) Ni- /l?,j -hi ;- ((a) da (1.11)
=0

jr_]-

L= "Ny [17;-hi;-((a)da (1.12)
=0

S—~——_iol I8l

where @ indicates the marginal ability type being indifferent of going to col-

lege or not and ((a) is the probability density function of a,
4. the PAYG pension budget clears as according to (1.8),

5. accidental bequests finance government consumption as according to (1.9),

2The presentation of the equilibrium definition follows Ludwig, Schelkle, and Vogel (2012).
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6. and the aggregate resource constraint holds:"

Y, =C 4+ IK + G, (1.13)

1.4 CALIBRATION AND NUMERICAL SOLUTION

1.4.1 SOLUTION STRATEGY

The solution of the model involves outer and inner loop iterations and follows the
approach taken by Ludwig, Schelkle, and Vogel (2012). The outer loop solves for
equilibrium by iterating on the aggregate capital stock, /K, the aggregate college
labor services, L€, the aggregate non-college labor services, L™, as well as the
aggregate pension payments for all periods ¢t = 0,...,7. The inner loop solves
for the household policy functions' in all periods ¢ = 0, ..., 7. In each outer loop
iteration, household level variables are aggregated in order to update the aggregate

stocks using a simple Gauss-Seidel algorithm as explained in Ludwig (2007).

The exogenous driving process” in the model is demographic change between
1950 and 2100 represented by both, a time-varying age structure of the population
and increasing survival rates. Demographic data and projections are taken from
United Nations (2013) under the medium fertility assumption.’® Figure 1.2 shows
the population age structure of the economy in the years 2010 and 2050. It reflects

exemplarily the prediction of a strongly aging German adult population.

For computational reasons, the solution of the model begins in year 1750 (¢ = 0)
in which an artificial initial steady state (in per efficient capita units) with the de-
mographic structure of year 1950 is assumed.'” I then compute the transitional
dynamics to an artificial final steady state in year 2500 (t = T') with the fix de-
mographic structure of year 2100."® According to data availability the calibration

period runs from 1975 to 2010. The main period of projection is 2010 to 2050.

3Please see section 1.A.2 for a detailed derivation.

4Please see section 1.B.1 in the appendix for details.

B Note that there is an additional exogenous driving force in the model, skill-biased technological
change between 1975 and 2010, which serves calibration purposes. Please see section 1.4.2 for
details.

1For a detailed description of data and estimates I refer to the author.

"The phase-in period with fix demographics until 1950 assures fully rational anticipation of
changing market conditions arising from demographic change which takes place as of 1950.
8The phase-out period with fix demographics beyond 2100 assures that the transitional dynamics

of the model, indeed, lead to the final steady state.
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Figure 1.2: Demography: Data 2010 vs. Projections 2050
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Source: Own calculations based on United Nations (2013), medium fertility prospects. Notes: The
graphs show fractions of the adult population by 5-year age bins which begin with the indicated
age. The adult population in the data corresponds to the total population in the model.

1.4.2 CALIBRATION

The calibration of the model follows a two-step procedure. In the first step, model
parameters are set exogenously in line with empirical evidence and the literature.
In the second step, model parameters are set in order to match key moments in the
data.

The period length in the model is five years. Accordingly, all references to a specific
year or a specific age throughout the paper stand for the respective 5-year period
starting with the indicated year or age. Individuals are assumed to enter their
economically relevant life at the age of 20 (j = 0), graduate potentially when
turning 25 (j,, = 1), retire when turning 65 (j, = 9), and die, the latest, when
turning 100 (J + 1 = 16).

Preferences over consumption and leisure follow Ludwig and Abiry (2015):"

o In(eg;) + ks (L= ig, — 12,00 1) ifo=1,
U(Ct,j7 1-— Zt,j - lt,j) = (C?‘ '_)1—0 1—9 ) 1-1 0
i—g (1 1= ((1 — iy = 1) - 1)) else,
(1.14)

“Note that the considered preferences exhibit a jump at # = 1. This comes from the need of a
homothetic utility function for computing consumption equivalent variation as in section 1.5.
Therefore, I primarily consider the case # > 1 in the quantitative experiments.
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1.4 Calibration and Numerical Solution

where I restrict v, without loss of generality, to the empirically relevant case of
being smaller than unity. v denotes the utility weight of leisure which is calibrate
in order to match the average number of labor hours in the data. 1/6 is the elastic-
ity of inter-temporal substitution. The A-constant Frisch elasticity of labor supply
equals v - (1 —if,; —If;)/l¢; and, thus, varies along with leisure and labor over the
life cycle.”” Note that from this it follows that labor supply elasticities differ also
by skill group. As college households tend to supply more labor and consume less
leisure than non-college households during most of their working lifetime they
exhibit smaller labor supply elasticities. This is in line with the empirical literature
on labor supply elasticities (cf. Browning, Hansen, and Heckman (1999)) without
imposing preference heterogeneity across skill groups. v is set to 0.21 thereby pin-
ning down the average (hours weighted) elasticity in the model which equals 0.475
in year 2010. This is in line with the micro-evidence on labor supply elasticities

(cf. Domeij and Flodén (2006) for models without borrowing constraints).
On-the-job skill formation follows the well-known Ben-Porath (1967) human cap-
ital production function

O (hy it ) = (1= 6") - n + % (b il )" (1.15)
0 < o < 1 governs the complementarity between old human capital and time
investments in the accumulation of new human capital and 6" is the depreciation

rate of human capital. @® is calibrated in order to match the earnings increase

over the life cycle in the data and differs accordingly by education type.

Pension entitlements accumulate according to a purely earnings related scheme

which comes close to the actual German public pension system:

Op(b2 5 - B 18) = bE S b 18 (1.16)

VR

where &; := (r}t- L* +r¢-L%)/( ;Zol N, ;) are average earnings in period ¢. The

contribution rate of the pension system is set exogenously as according to data

from DRV (2014, p. 262) and held constant in future periods.”’ Pension benefits
Pi(by;) == v - b (1.17)

are payed proportional to the accumulated benefit stock. 1, is the so-called actual

2'Please see Ludwig and Abiry (2015) and Ludwig, Schelkle, and Vogel (2012) for a discussion on

implications arising from the life cycle variation of the Frisch elasticity.
21 | —1965 | 1970 | 1975 | 1980 | 1985 | 1990 | 1995 | 2000 | 2005 | 2010—
T | 0.140 | 0.170 | 0.180 | 0.182 | 0.189 | 0.182 | 0.198 | 0.193 | 0.197 | 0.194
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Chapter 1 On the Distributional Implications of Demographic Change

pension amount payed to the household in period ¢ for each point of accumulated
benefit entitlements. It adjusts in every period so that the pension budget clears.
Note that 1; grows over time along with wages due to exogenous (skill-neutral)
technological progress in T;. This implies that the growth of the pension payment
over the retirement spell of a household keeps track with wage growth which is

(broadly) consistent with the German public pension scheme.

Time spent on studying in college (ability), 1%, is assumed to be uniformly dis-
tributed. That distribution is then approximated by ten different ability groups of

equal size®* where

. 7 3 5 7
? ::#+0'[1a§7

1
A’ A’ a’ _1]
9° 9 9 9

31
79797

Nej

i determines the average time per period spent in college and is calibrated such
that the college educated share of the 25+ workforce in the model matches its
counterpart in the data. o governs the standard deviation of time per period spent
in college and is set to 0.32 such that the model leads to empirically reasonable
elasticities of the college decision as will be shown next. Therefore, I compute the
percentage change of the college educated share to 1) a yearly college grant of
US$1000 and 2) a 1% increase in the skill premium. The change under 1) turns
out to be 0.43 in 2010 which is in line with the micro elasticity for Germany esti-
mated in Steiner and Wrohlich (2011)* and literature cited therein. Results from
the quasi-experimental literature for the U.S. find higher numbers for an increase
in college enrollment in the magnitude of 3 to 5 percentage points (c.f,, e.g., Kane
(2006), Deming and Dynarski (2009)). However, the key driver for those high es-
timates are borrowing constraints which are absent in this model. Johnson (2013)
and Findeisen and Sachs (2014) find a 2.4 and 4.2 percentage point increase in
the college share, respectively, when abolishing borrowing constraints. Under 2),
the experiment results in an increase of (.60 percentage points in 2010 which is
slightly higher than what is found in the literature (cf., e.g., Fredriksson (1997) for

Sweden). Section 1.5.1 shows that the model is able to match the past evolution of

*’Note that this does not hold necessarily for the two marginal ability groups around the cut-off
value, @. Their size is adjusted using interpolation techniques such that the tertiary educated
share of the population observed in the data can be matched precisely. Hence, the selected
number of groups matters for computational accuracy. Ten clusters showed to be sufficient as
the use of 18 different ability types had only a minor impact on results.

BSteiner and Wrohlich (2011) estimate that the share of high-school graduates enrolling for col-
lege increases by 1.5 percentage points in response to a yearly college grant of €1000 while
Autorengruppe Bildungsberichterstattung (2012) reports a high-school graduate share of 41%
in the 30 — 35 year old population.
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the college workforce share in the data. i turns out to lie in the interval [0.34, 0.98].

Along with Heckman, Lochner, and Taber (1998), I assume exogenous skill-biased
technological change in the calibration period, 1975 to 2010. It is imposed by a
downward trend in the production function parameter a»** and induces an up-
ward trend in the skill return premium 7¢ /7%, I set the constant yearly increase in
(1 —ag)/ay in the period 1975 — 2010 to 2%. While Heckman, Lochner, and Taber
(1998) choose a value of 3.6% which is in line with the literature on the past evolu-
tion of the skill premium in the U.S. (cf,, e.g., Katz and Murphy (1992)), the results
in Dustmann, Ludsteck, and Schonberg (2009, p. 852) suggest a smaller value for
Germany of about 60% of the U.S. value which comes close to the considered 2%.
Section 1.5.1 shows that the model is able to trace jointly the past evolution of the

skill premium and the college workforce share in the data.

Table 1.1 summarizes first and second stage parameters. Note that the elasticity of
substitution between physical capital and high-school labor services is higher than
the one between physical capital and college labor services which implies capital-
skill complementarity. This is in line with empirical estimates and the selected
values lie in the range considered in the literature (cf., e.g., Duffy, Papageorgiou,
and Perez-Sebastian (2004), Krusell et al. (2000), and Heckman, Lochner, and Taber
(1998)).

1.5 RESULTS

1.5.1 CROSS-SECTIONAL PROFILES IN 2010 AND THE PAST TREND IN

THE SKILL PREMIUM

Figure 1.3 shows resulting cross-sectional age profiles of the model economy in
year 2010 by educational group. College households choose not to work besides
studying and benefit from the markup in their human capital stock upon gradua-
tion which leads to a jump in their earnings profile (top right panel). Furthermore,
college graduates are more efficient in developing human capital on-the-job. To-

gether with higher relative working hours at old ages that leads to a steeper age-

24Note that this implies an upward drift in the capital income share and the capital-output ratio
during the calibration period. The upward drift is consistent with the findings of Piketty and
Zucman (2014) for Germany who recently challenged the predominant view in the literature
of the constancy of the aforementioned capital measures with a new data set.
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Table 1.1: First and Second Stage Parameters

Parameter Value Target Source, Comment
Firm sector

Skill-neutral techn. progress: 0.01 1% stage OECD (2014b): g*/N

g

Skill-biased techn. change: 0.02 1% stage DLS, period: 1975 — 2010
GiorsHors

ES(L™, LY)=ES(L™, K): 1.59 1%t stage DPP

1/(1- po)

ES(K, L°): 1/(1 — py) 0.64 1% stage DPP

Weight on L#: ay 0.34 e/et =11 OECD (2014a)
Weight on K: 0.51 w =0.65 literature
Depreciation rate of K: § 0.059 IX)Y =0.18 OECD (2014b)
Preferences

EIS, 1/60 0.5 1%t stage literature, LSV
Leisure elasticity: v 0.21 15t stage labor supply elast., see text
Time discount factor: 3 0.999 K/Y =29 literature

Weight of leisure: y 0.34 aver. | = 0.285 OECD (2014b)
Endowment and ability

Endowment: {ho, ko, bo} {1.0,0.0,0.0} 1%t stage normalization

Std. time effort college: o 0.32 1% stage C share elast., see text
Human capital accumulation

Depreciation rate of h: 6" 0.008 1% stage LSV
On-the-job h accum.: ¢ 0.65 1%t stage BHH

Mean time effort college: 1 0.66 C share = 0.27 OECD (2014b)

h markup from college: h 0.58 r¢ =% normalization
On-the-job h accum. H: w™ 0.75 et oo/t =135 OECD (2014a)
On-the-job h accum. C: @® 0.84 e 60/E55 = 1.78 OECD (2014a)
Pension system

Contribution rate: 7 see text 1%t stage German public pension sys.

Notes: The indicated values are converted to annualized rates where applicable and refer to year 2010
if not stated differently. ES(L™, L) = elasticity of substitution between high school and college labor
holding the relative price of college labor to capital fix. ES(K, LC) = elasticity of substitution between
college labor and physical capital. EIS = elasticity of inter-temporal substitution. BHH = Browning,
Hansen, and Heckman (1999). DLS = Dustmann, Ludsteck, and Schénberg (2009). LSV = Ludwig,
Schelkle, and Vogel (2012). DPP = Duffy, Papageorgiou, and Perez-Sebastian (2004). The average
labor supply in the data refers to the number of hours per worker (incl. part time) divided by 5000.
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1.5 Results

Figure 1.3: Cross-Sectional Age Profiles By Education Type in 2010
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Source: Baseline model in year 2010: Selected average cross-sectional age profiles by education
type. Earnings premium data is taken from OECD (2014a).
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earnings profile of college households compared to high-school households, or,
equivalently, to an increase in the earnings premium over the working life cy-
cle (bottom right panel). Both is consistent with empirical evidence from OECD
(2014a) and the German Socio-Economic Panel (cf. Kindermann (2014)). Note that
the pension premium is at a lower level than the earnings premium albeit the ab-
sence of a re-distributive mechanism in the pension benefit function. This comes
from the strong rise in the earnings premium in the past (cf. figure 1.4) and shows
that the pension premium serves as a lagged indicator for the earnings premium.
Consumption (bottom left panel) and hours worked (top left panel) show the typi-
cal hump-shaped pattern with college households supplying more labor than high-
school households. The closer to retirement, the larger is that difference. Note that
the peak in the consumption profile is too late compared to the data which is a com-

mon problem in deterministic life cycle models.

Figure 1.4 reflects the good fit of the model to the data with respect to the evolution
of the college share in the 25+ workforce and the average earnings premium of

college graduates. The rise in the two variables is a result of both, demographic

Figure 1.4: Past Evolution of College Share and Farnings Premium
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Source: Baseline model vs. data in the calibration period, 1975 — 2010. Data on the evolution of
the college share in the 25+ workforce is taken from Statistisches Bundesamt (2014) and scaled to
the target value of the college share in 2010 taken from OECD (2014b), cf. table 1.1. Earnings
premium data comes from OECD (2014a).

change and a past trend in the direction of technological progress as observed in
the data (cf. section 1.4.2). Note that the model slightly underestimates the increase
in the earnings premium between 1995 and 2000. That is likely due to other factors
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being absent in the model which had affected the earnings premium at that time.
For example, Dustmann, Ludsteck, and Schonberg (2009, pp. 859ff.) estimate that
the decrease in the unionization rate of the labor force in the considered period can
account for 28% of the increase in the 50-15 earnings gap while it is less important

at the upper end of the earnings distribution.

1.5.2 AGGREGATE DyNAMIcS BEYOND 2010

Let us now turn to the future dynamics in the considered model economy. Figure
1.5 shows the evolution of key aggregate measures in the main period of projection,

i.e., year 2010 to year 2050.

The top-left panel depicts the evolution of the working age-to-population ratio
(WAPR). This is the exogenous driving force in future periods of the model and a
key measure for the demographic structure of the economy. It reflects the strong

aging process which is expected to hit the German economy.

The top-right panel depicts the contribution and replacement rates of the public
pension system and confirms the expected decline in the generosity of the pen-
sion system. Note that this scenario assumes that the government will hold the
contribution rate fix in all future periods which results in a strong decline in the
replacement rate of about 20 percentage points by 2050. This is within the range of
estimates for pay-as-you-go financed pension systems like the German one with

defined contributions.

The bottom left panel shows an increase in the capital-output ratio with the as-
sociated increase in the de-trended average gross wage” and the decline in the
interest rate. It reveals the substitution of the scarce production factor, labor, by
the one in abundance, capital, and is in line with the results of Ludwig, Schelkle,
and Vogel (2012) for the US. However, while the rise in the capital-output ratio
and the decline in the interest rate remain rather small the rise in the wage is
more pronounced and equals 12.5% by 2050. This points to a second substitution
effect taking place in the aging economy: Labor input of non-college households is
substituted by labor input of college households. The re-composition of the labor
force elevates the average wage because the latter households are more productive

than the former and thus earn a higher wage.

The bottom right panel confirms the re-composition of the labor force by showing

#The average gross wage follows a trend in time arising from exogenous skill-neutral techno-
logical change in Y;. The trend is removed for the sake of meaningful comparison between
different time periods.

25



Chapter 1 On the Distributional Implications of Demographic Change

Figure 1.5: Aggregate Dynamics Beyond 2010
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Source: Baseline model in the main period of projection, 2010 to 2050: Selected aggregate
measures. Notes: The replacement rate in the top right panel refers to the average ratio of the
pension payment to a 65 year old household to the sum of net earnings (adjusted by wage
inflation) over its working life. The average gross hourly wage in the bottom left panel is shown
net of the trend growth arising from exogenous skill-neutral technological change in Y; over
time. Capital-output ratio and de-trended average wage are normalized to 100 in 2010. The
bottom right panel shows the average earnings premium of college graduates and the share of
college graduates in the 25+ workforce in percent.
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a rise in the college share of about 4 percentage points by 2050. Furthermore, it
reveals that the rise in the college share is associated with a strong decline in the
average earnings premium of college households. These developments are mainly

driven by two effects.

The first effect arises from the scarcity of labor as an input in the production which
follows ceteris paribus from the process of aging beyond 2010. Its scarcity makes
labor relative to capital ceteris paribus more expensive and leads to a substitution
of labor by capital. Due to the complementarity of capital and college labor input
in the production the substitution of labor by capital is associated with a rise in
the relative demand for college workers compared to non-college workers. This
elevates ceteris paribus the earnings premium. However, in anticipation of this
and other effects described below more households choose to go to college which,
in turn, induces an increase in the relative supply of college labor and lowers ceteris

paribus the earnings premium.

The second effect stems from skill-biased technological change in the calibration
period due to which the share of newborn households selecting college has risen
strongly in the period until 2010 (cf. figure 1.4). From this it follows that less
educated retiring generations of workers are substituted gradually by better edu-
cated new generations of workers also beyond 2010. This implies a higher relative

supply of college workers which lowers ceteris paribus the earnings premium.

As mentioned above, the bottom right panel shows a strong and steady overall de-
cline in the earnings premium beyond 2010 and, thereby, reveals that the supply
side effects overcompensate clearly the demand side effect. The decrease in the
earnings premium occurs most strongly in the period 2010 to 2030 amounting to
more than 20 percentage points. This is when the aforementioned second effect is
at its peak. Note that it becomes optimal to pursue a college degree for a higher
fraction of households despite the decline in the earnings premium. Reasons for
that are the co-incident decline in the interest rate which makes borrowing for
education less costly (and savings less attractive) as well as the increase in life
expectancy. The latter prolongs the expected return-on-investment period of ed-
ucation (inter alia via an earnings related pension system) and induces a need for
higher lifetime earnings. Education still shows to be the most efficient way of

achieving it.

As an indicator for the development of overall economic inequality in the economy

table 1.2 displays the change in the Gini coefficients of net total income (income
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Gini) and consumption (consumption Gini) from 2010 to 2050.° First, consider

Table 1.2: Measures of Economic Inequality: The Change in Ginis from 2010 to 2050

net total income | consumption
Gini(2050) — Gini(2010), baseline +6.1 —3.4
Gini(2050) — Gini(2010), fix demographics —7.6 —0.2

Source: Baseline model in 2010 and 2050. Notes: The numbers show percentage point changes. The
top row displays the total change in Gini coefficients while the bottom row shows the
corresponding values if the Gini coefficients in 2050 are recomputed using the age distribution of
the population in year 2010. Net total income is the sum of capital income and net earnings,
respectively pension income of a household.

the top row. The number in the top left corner suggests that overall economic
inequality rises strongly in the period 2010 to 2050 as the income Gini increases
by 6.1 percentage points. However, the consumption Gini shows a decline of 3.4
percentage points over the same period indicating the opposite. Note that the
change in a Gini coefficient can be induced by a change in the income (respectively
consumption) distribution given the same age distribution of the population or by
a change in the age distribution of the population itself. Here, both effects apply

at the same time.

In order to isolate the first effect the bottom row of table 1.2 shows the change
in Gini coefficients if the Gini coefficients in 2050 are recomputed using the age
distribution of the population in year 2010. The number in the bottom left corner
now indicates a strong drop in the income Gini. Recalling the dynamics displayed
in figure 1.5 suggests that this stems primarily from receding income inequality
between ability groups represented by the drop in the earnings premium. Hence,
the overall increase in the income Gini (top row) stems primarily from a change in
the population distribution, more precisely, a higher fraction of income poor (but
asset rich) old households. Now, consider the number in the bottom right corner.

It shows a rather stable consumption Gini which indicates rather stable lifetime

26The model clearly underestimates the level of income inequality in the economy. However, note
that income inequality in the data is driven by both, variation in initial conditions and differ-
ences in shocks over the course of life whereof the latter are absent in this model. Huggett,
Ventura, and Yaron (2011) estimate for the U.S. that about two third of lifetime inequality stems
from variation in initial conditions. Assuming ad-hoc the same decomposition for Germany
allows to compute the Gini of net total income which corresponds to the model. Using data
from OECD (2014b) it amounts to 0.286 - 2/3 = 0.191 which is very close to the actual value
in the model in 2010, 0.194.
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income prospects of a household between 2010 and 2050 because the consump-
tion decision depends on lifetime income rather than current temporary income.
Again, the overall decrease in the consumption Gini (top row) stems primarily
from a change in the population distribution, more precisely, a smaller fraction of

consumption poor young households.

1.5.3 WELFARE EFFECTS WITHIN AND ACROSS GENERATIONS

I now turn to the welfare effects arising from the dynamics described in section
1.5.2. Following the literature I measure welfare effects by consumption equivalent
variation (cf. Ludwig, Schelkle, and Vogel (2012) and the literature cited therein). A
household’s welfare is affected in two ways. The first effect arises from changes in
survival probabilities which are exogenous in this model. The second effect stems
from changing good and time allocations induced by changes in wages, interest

rates and average pension amounts.

I want to isolate the second effect and, therefore, conduct the following auxil-
iary computation using the same (time- and age-dependent) survival probabilities
throughout the entire welfare calculation. I compute a partial equilibrium version
of the model given a particular exogenous vector of wages, interest rates, and av-
erage pension amounts for the entire transition which I will call price vector in
the following. The price vector equals the corresponding vector from the equilib-
rium path of the baseline case up until year 2010 and keeps prices fixed from then
onward. This represents an auxiliary world in which the future price changes aris-
ing from demographic and past skill-biased technological change do not evolve.”
Welfare effects are then measured as the percentage change in consumption in ev-
ery period of lifetime that a household must be compensated with in order to be

indifferent between the auxiliary world and the baseline case.?®

In this model, total future price changes and their welfare effects are induced by
the combination of demographic and past skill-biased technological change. In
order to decompose total welfare effects I redo the entire welfare calculation de-
scribed above under the assumption that no skill-biased technological change has

taken place up until 2010. Note that, except for the mentioned change, parameters

?’Note that household choices are fully rational given the exogenous price vector while the pro-
cedure does not involve the general equilibrium as described in section 1.3.7.
28Based on the homotheticity of the value function, consumption equivalent variation can be mea-

71 . . .
sured as cev; = (—Zﬁgo )77 — 1, where v; o and vy}, are the lifetime values of the generation
t,0 ’

born in period ¢ in the baseline case and the auxiliary world respectively.
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of the model are not re-calibrated in order to have a reasonable case of compar-
ison.”” Figure 1.6 presents resulting average welfare effects by educational class.

The top row shows welfare effects which arise purely from demographic change

Figure 1.6: Welfare Effects of Demographic Change (Top Panels) and Total Future Price
Changes (Bottom Panels) on Current and Future Populations
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Source: Baseline model in the main period of projection, 2010 to 2050. Notes: Welfare effects
measured as consumption equivalent variation. Negative values indicate welfare losses. Top row:
Welfare effects from demographic change. Bottom row: Welfare effects from future price effects
induced by both, demographic and past skill-biased technological change. Left panels: Welfare
effects on all generations alive in year 2010. Right panels: Welfare effects on generations born in
years 2010 to 2050.

while the bottom row displays the effects from the combination of demographic
and past skill-biased technological change. The left panels depict welfare effects
on all generations alive in year 2010 while the right panels display welfare effects

on generations born®’ in years 2010 to 2050.

] e., the parameter values of table 1.1 still apply except for g\t-2)/*> which equals 0.

30Birth refers to the creation of a household which occurs when the individual turns 20.
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Consider first the panels in the top row of figure 1.6 showing the average welfare
effects from demographic change. Section 1.B.3 in the appendix presents the asso-
ciated future dynamics of key aggregate measures in detail. The central findings
can be summarized as follows: While 1) the replacement rate, 2) the interest rate,
and 3) the earnings premium decline gradually over time, 4) the average wage
level increases. Note that while effect 3) obviously benefits high-school house-
holds, effect 2) rather benefits college households because their advantage from
smaller borrowing costs during the college years shows to dominate the loss from
smaller capital income at wealthy old ages. Developments 1) and 4) affect college

and high-school households similarly.

The top left panel shows the net welfare effects on all generations alive in 2010
and features an u-shaped pattern for both education types. This was already found
by Ludwig, Schelkle, and Vogel (2012) in an overlapping generations model with-
out differentiation by education. The top right panel displays welfare effects of
newborn generations in years 2010 to 2050 and shows that welfare losses from
demographic change on newborn households vanish in the course of time and
turn even positive for both educational groups at some point in the future. Taken
both panels together, one can make the following two major observations: First,
the later in time a household is born, the less it suffers from demographic change
irrespective of education. This is due to the developments described above, in par-
ticular, rising wages. However, that first observation does not apply to households
which are more than about 35 years old in 2010. The reason is that they benefit
less from rising wages due to a shorter expected remaining working life and from
decreasing interest rates for financing education whereof the latter only applies to
college households. Furthermore, welfare effects run off with increasing age per
definition because the household’s expected remaining lifetime decreases. As a
net effect, welfare losses are severest for the generation aged 30 — 40 in 2010 and
amount to about 3% of consumption in every period of lifetime. This holds for
college as well as for high-school households. Second, the later in time a house-
hold is born, the more it benefits from going to college. This shows that effect 2)
of dropping interest rates becomes more and more important over time while the

opposite holds true for effect 3), the decline in the earnings premium.

Let us now move on to the bottom panels. Here, welfare effects arise from total
future price changes which are induced by the combination of demographic change
and past skill-biased technological change. Comparing the graphs in the bottom

panels to the respective graphs in the top panels reveals the central welfare effect
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arising from past skill-biased technological change: A strong negative effect for
college households. This holds for all considered generations. Why is this the case?
Note that the baseline economy matches the past evolution of the college share
in the workforce which is characterized by a stronger upward trend (cf. figure
1.4) than in the case of demographic change only. From this it follows that, the
increase in the college share in the future, in particular until 2040, is also more
severe for the baseline economy. This is due to a larger difference between the
college shares of newborn households and substituted retiring households in that
period. The stronger future increase of the college share has two consequences.
First, the decline in the earnings premium is larger in the baseline economy, and,
second, the decline in the interest rate is smaller. Both induces negative welfare

effects on college households.

1.5.4 THE ROLE oF CHANGES IN HOUSEHOLD BEHAVIOR

This section investigates the quantitative importance of changes in household be-
havior in response to altering market conditions arising from demographic change®
along three dimensions: tertiary education, working hours, and human capital in-
vestments. Correspondingly, I run three experiments, each of them re-computes
the general equilibrium path of the model economy and evaluates the associated
welfare effects (following the approach described in section 1.5.3) under exactly
one restriction: From period 2010 onward, the choice of tertiary education, work-
ing hours, or human capital investments respectively is restricted as specified in

more detail below.*?

Figure 1.7 shows the welfare effects of demographic change on future generations
in the respective model variant by education. As implications are similar for cur-

rent generations they are omitted for the sake of brevity, here.

The left panel depicts the welfare effects for the model variant in which the share of
newborn households selecting tertiary education is held fix artificially from 2010
onward. This dampens the supply side effect on the labor market which was de-
scribed in detail in section 1.5.2. It leads to a smaller drop in the earnings premium

with positive (negative) welfare implications for college (high-school) households.

31Here, I focus on the case without past skill-biased technological change in order to answer more
precisely the question how well households can react to challenges from demographic change.
However, at least qualitatively, results are similar to the baseline case.

32Note that each experiment assures the general equilibrium under an additional constraint in the
household problem.
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Figure 1.7: The Role of Changes in Household Behavior
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Source: Variants of the model with restricted household choices (solid lines) vs. baseline model
(dashed lines, cf. figure 1.6): Welfare effects of demographic change of newborn generations in
the main period of projection, 2010 to 2050. Notes: Welfare effects measured as consumption
equivalent variation. Negative values indicate welfare losses of demographic change.

Note that welfare advantages of college households from restricting the college
choice become larger in time because the aforementioned dampening of the sup-

ply side effect applies to every period past 2010 and thus accumulates.

The panel in the center shows welfare effects of demographic change if hours
worked are held fix artificially from 2010 onward. This implies that the age-profiles
of hours worked by ability group remain time-constant as of 2010. The graphs
show that the increase of working hours is an important adjustment channel for
households to the altered market conditions arising from demographic change. In
particular, it enables households to benefit more strongly from rising wages (per
hour). Note that the restriction of adjustments along the working hours margin

has similar welfare costs for both education types.

The right panel contains the corresponding graphs for the model variant in which
the hours spent on human capital formation are held fix artificially from 2010
onward. This implies that the age-profile of human capital by ability group re-
mains constant as of 2010. College households exhibit a higher productivity in hu-
man capital formation on-the-job than high-school households. The picture shows
clearly that this turns into a true asset in the demographic transition. It enables
college households to benefit from higher returns to human capital investments at

a lower cost than high-school households.

To sum up, upward adjustments of hours worked affect all households similarly,
increased human capital investments rather benefit college households, and the
opposite of the latter is induced by more tertiary education. While increased hu-

man capital investments directly elevate the idiosyncratic productivity and in turn

33



Chapter 1 On the Distributional Implications of Demographic Change

the idiosyncratic wage of a household, the increase in the tertiary educated share
in the work force depresses the market-wide return premium to college labor in-

put. Hence, the latter acts through an equilibrium effect.

1.6 CONCLUDING REMARKS

This paper investigates the effects of demographic change on the distributions of
income, skills, and welfare in the German economy. The dynamic overlapping
generations model features heterogeneity along both, the inter- and the intra-
generational dimension whereof the latter is given by an idiosyncratic innate abil-
ity for tertiary education. Besides consumption, the model features three choices
which can help households to overcome the altered economic conditions aris-
ing from demographic change: tertiary education, on-the-job skill formation, and

hours worked.

The quantitative experiments reveal the following effects of demographic change
comparing year 2010 to year 2050: 1) The skill premium declines by about 15 per-
centage points while the college educated share of the workforce increases by
about 3 percentage points. 2) The interest rate falls by 1 percentage point while the
average wage increases by about 20% induced by a substitution of labor by capital
and the aforementioned skill increase in the production. 3) The replacement rate
falls massively by about 40 percentage points if the contribution rate to the public

pension system is held fix.

Welfare effects of demographic change are substantial and vary between —3% and
+2% of consumption in every period of lifetime depending on skill group and
generation. All currently living generations lose. Despite the drop in the skill
premium, demographic change benefits skilled over unskilled households. This is
mainly due to the co-incident decline of the interest rate which makes borrow-
ing for education less costly. While less able households benefit strongly from
equilibrium effects arising from a higher college share in the workforce, more able
households benefit rather from higher idiosyncratic human capital investments on
the job.

As a secondary result, the quantitative experiments show that past skill-biased
technological change will depress strongly the future skill premium by additional
15 percentage points due to an ongoing increase in the relative supply of college

workers. This causes strong welfare losses for college households of up to 8% of
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consumption in every period of lifetime. Note that the prediction of a strongly
declining earnings premium and the associated welfare consequences could be
turned around in case of ongoing skill-biased technological change in the future.
However, this paper remains agnostic with respect to the direction of future tech-
nological change in the sense that all future change in technology is assumed to

be skill-neutral.

The investigation shows that it is important to consider the skill-composition of
aggregate labor input in the context of aging economies and thereby extents the re-
sults of Ludwig, Schelkle, and Vogel (2012) by heterogeneity in formal skills. There
are a couple of interesting extensions that future research may approach. First, in
this model, a household trades off opportunity costs against pecuniary benefits
when deciding on tertiary education. The latter does not involve any direct pecu-
niary costs, neither at the private nor at the public level. In reality, the German
university system is mostly financed by public means. Aging economies are likely
to fall short of financial means as the tax base erodes as Keuschnigg, Davoine, and
Schuster (2013) argue. A link of tax and educational system would thus be an inter-
esting extension. Furthermore, Winter (2014) states that both, parental transfers
and borrowing constraints are important determinants of the college decision in
the U.S. Kindermann (2014) argues that the former is also true for Germany. In
a dynastic world, in which the ability of children is linked to the ability of their
parents parental transfers might keep lower ability household out of college, as
they would be disadvantaged along two dimensions. However, declining interest
rates in the course of demographic change would then act as a counter-argument
as they would harm rich and more able households more than the poor and less
able. The evolution of interest rates and the capital structure of the economy drives
the college decision and is also important for the welfare consequences across skill
groups. It is thus important to shed more light on the distributional consequences
across skill groups in economic settings with an international capital market in the
tradition of Kriiger and Ludwig (2007). This is another task that I leave for future

research.
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APPENDIX 1.A THEORETICAL APPENDIX

1.A.1 RECURSIVE HOUSEHOLD PROBLEM

I hereafter define recursively the household problem. Households take returns as
given and maximize their lifetime utility over the choice of consumption, hours
supplied to the labor market and hours spent on skill accumulation. Note that the
latter choice is restricted while a household is enrolled in college as described in

section 1.3.3.

In order to derive the solution of the household problem I apply a transformation
which assures that all variables are trend-stationary. This is consistent with the
computational implementation of the solution of the household problem and does
not alter results. Therefore, I divide variables which exhibit a trend growth arising
from the exogenous technological progress, T, ; = (1 + g) - T4, by the technol-
ogy level: l;;,f] =k V0 & = T T = 1 e Pulby) o= Py(by;) /e,
Op(bf 5,77 - by - 185) == 0e(bf v - by - 1f;) /T Other variables are already
trend-stationary and do not need to be transformed. In the following, I drop the
indexes ¢ and j for the sake of simplicity and indicate next period’s variables by
the symbol’, irrespective of whether they are only time dependent or age and time
dependent.

Given the preferences of section 1.4.2 the de-trended household problem reads as:

V(RS RO = omax (@i 1) + B (R B, b)} (1.18)
e e jo kol po pat
subject to
- ﬁ-((1+7“K)-/;:a—i—(l—r)ﬁ‘s-h“-l“—c?“) if j<i
s () e ) - ) else
o _ JOTE B if <=
b else

" =S (14+h)-hy if j=ju—1AS=C
©°(h,i%)  else

% Note that the values of trend-stationary variables do not depend on the time period in a steady
state of the economy in which the demographic age distribution of the economy is assumed to
be fix over time.
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he =hy >0, k3 = ko =0, b% =by =0
19,0 > 0
i© =1 if j<ju—1ANS=C
(1.19)

where 3 := f-¢- (1+9)'~%. Note that the transformation of the utility function in
period ¢, age j follows u(c,1 —i —1) = u(é, 1 —i—1) - T'1~Y. That transformation

also applies to the value function.

In the following, I derive the first order conditions (FOCs) of the de-trended house-
hold problem given initial conditions and the educational choice. Note that the
constraint :* = 0 never binds due to the production function of human capital. A

is the Lagrange multiplier associated with the constraint [* > 0.
O=uz+pB-v} - (———) if j<J (1.20)
9
O=u+8-v -3 =0 if j<j —1Anot(j<jwAS=C) (1.21)

. 1 _
0=w+0- (v]%,-m-(l—T)-f‘S-hijl’,/-191) + A if <. (122
where u; 1= 0u(¢,i,1)/0¢, u; == 0u(é,i,1)/0i, u := Ju(¢,1,1) /0L,

@S = 9¢3(h,i)/di, U; = d9(b,7 - h-1))Ol, v, = (K, I, V)|, v}, =
ov' (k' b b) /oK, and v, = O (K, W, ') OV .

Next, I derive the first partial derivatives of the value function with respect to the

state variables ff h, and b using the envelope theorem:

Bevt, = (L+rk) if <

vp = 1+g (1.23)
uz - (1 + %) else
Be(vh ik (L= m) 7S Uk vy oS 0 Dn) if <,

vy = g (1.24)
0 else
B - gy - O if <

vy = B-(%,-Flg-ﬁbﬂg,) if j<j<J (1.25)
Ug - 751; else

where ¢F = 005 (h,i)/0h, O), = dO(b, 7S - h - 1)/Oh, Oy := V(b 7S - h - 1) /b,
and P, := 9P (b)/0b.
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Using these equations yields the following FOCs:

1 .

Us = —— - (1 4+ B i i< J 1.26
Rl )-ug if (1.26)

—u; =B - if j<jr—1Anot(j <j,AS=C) (1.27)

/
—uy = <<1—T>-7:S'h+%‘(1+g)'79l> cuz+ A if j < (1.28)
k!

1.A.2 DERIVATION OF THE AGGREGATE RESOURCE CONSTRAINT

The individual budget constraints write as
ko = +r) k(L =7) 1) - hy - I+ Py(b),) — ¢ V L, j.

I take the population weighted sum of the individual budget constraints in order
to derive the aggregate resource constraint in period ¢:

J
ZNt,j ) /k?+1,j+1 -¢(a) da
j=0

M-

Il
o

Ny - / (L rf) ki + (L =m) - -y 18+ Pby) = ) - Ca) da
J

J
ZNt,j : /kg+1,j+1 -((a) da

j=0
J

:th_lyj_l'Nt_l,j_l./(1+r{<).k§j.g(a) da+Nt7o-/(1+rtK)'k§O-C(a) da

Jj=1

J
+ZNM~/(1—Tt)-rf.hgﬁj.zgj.g(a) da+ZNt,j-/7>t(b§j)-g(a) da
: =

J J

~S NG /cgﬁj.g(a) da+3 (1= 151) -Ntle-/(l—&—rf)-kgj'C(a) da

]:O j=

M-

(1 —g—1,-1) - Ne—1,j—1- /(1 +rf) - ki;-¢(a) da

j=1
J
ZNM : /k?+1,j+1 -((a) da
7=0
J J
= ZNt—laj—l . /kgj . C(a) da + Y’tK . ZNt_Lj_l . /kgj . C(a) da
j=1 j=1
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Jr—1 Jr—1

+2Nt,j'/rf'h? I C(a) da — 7 - Zth /t i1t ¢la)da

Jj=0

+ Z Nij - /Pt(bg,j) -((a) da — ZNt,j : /Cz(‘,l,j -((a) da
J=ir =0

J

— Z(l — G—1,j—1) - Ni—1,j-1 - /(1 +rf) - ki;-¢(a) da

j=1

Using the equilibrium conditions (1.8-1.12) as well as the following two conditions

« zero profits due to constant returns to scale production:

Fo(Ky, L LY) — (rf +6%) Ky — vl - L} = - L§ =0
& Y= +65) K+’ L 0C L

« accumulation of the aggregate capital stock:
K= 1 —6%) K, +IF
leads to the aggregate resource constraint holding in equilibrium:

Kt+1 —Kt_'_rt Kt+Tt L;H‘i‘?“tthC—Ct—Gt

APPENDIX 1. B COMPUTATIONAL APPENDIX

1.B.1 COMPUTATIONAL IMPLEMENTATION

The numerical solution is implemented in Fortran 90 using routines which are
partly based on Press et al. (1996). The determination of the equilibrium path in-
volves outer (aggregate model) and inner (household problem) loop iterations. Fur-
thermore, a very outer loop serves for calibration purposes. At all stages, I apply
an error tolerance level of at least 1 - 107, Section 1.B.2 contains details on the

numerical solution of the household problem.

1.B.2 SorvING THE HOUSEHOLD PROBLEM
I solve the household problem for the policy functions {Ct by ,lf js}t’j’a’s, ie.,

de-trended consumption, hours spent on skill development, and hours supplied
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to the labor market for all combinations of ability type, schooling type, age, and
time period. In addition, I solve for the optimal schooling decision at age j = 0
for all ability types in all time periods. In the following, I omit the superscripts a
and S for convenience where applicable and indicate next period’s variables by /

irrespective of whether it is age dependent, time dependent, or both.

I apply a backward shooting method using the equations of the household problem,
its first order conditions, and the first derivatives of the value function as derived

in section 1.A.1.
1. Guess (];:J,hJ,bJ).
2. Start at age j = J where v;;, =, =0, =1V = K = 0k, h, and b are
given , and the household chooses | = ¢ = 0. Use (1.18) for determining c.

Compute v from (1.18) and vy, v, v, according to (1.23-1.25).

3. Go backwards in age for j = J — 1,J — 2, ..., j,. Seti = | = 0. Given u},
determine ¢ from (1.26), compute k, h, and b from (1.18). Compute vz, vy, Uy
according to (1.23-1.25) and v from (1.18).

4. Go backwards in age for j = 7, — 1, — 2,...,0 and proceed as described
below in order to determine ¢, ¢, and [. In the following cases, choices are
restricted: At j = j, — 1 set ¢ = 0 as any time spent on skill development
does not pay off in retirement. At j =0, ..., 5, — 1 AS = C, seti = i as the

household is currently enrolled in college.
a) Determine ¢, 1, [:
i. Guess 1.
ii. Compute h from (1.18).
iii. Compute u; from (1.26) and v, /u; from (1.28).
iv. Compute [ from u; and u;/uz If 1 < 0 setl = 0.
v. Compute ¢ using the preference function u(-).
vi. Compute ¢ from (1.27).
vii. If ||i — i|| > € go to step 4(a)i. and update the guess of 7.**
b) Compute v, k, h, and b from equation (1.18) and vy, vy, vy, according to
(1.23-1.25).
5. If || (ko, ko, bo)— (0, 1,0)|| > € go to step 2 and update the guess of (k, hy, by).
6. At the beginning of period j = 0, each household faces the decision on

tertiary education. Given all policy rules resolved according to steps 2.—4.,

34¢ denotes the error tolerance level.
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given its ability type, a, a household chooses formal schooling according to
equation (1.2).

1.B.3 AGGREGATE DyNAMICS BEYOND 2010 WITHOUT PAST
SKILL-BIASED TECHNOLOGICAL CHANGE
Figure 1.B.1 shows the evolution of key aggregate measures in the main period of

projection, from year 2010 to year 2050 in the auxiliary economy without past skill-

biased technological change. The central findings can be summarized as follows:

Figure 1.B.1: Aggregate Dynamics Beyond 2010 Without Past Skill-Biased Technological
Change
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Source: Auxiliary model without past skill-biased technological change in the main period of
projection, 2010 to 2050: Selected aggregate measures. Notes: The replacement rate in the top
right panel refers to the average ratio of the pension payment to a 65 year old household to the
sum of net earnings (adjusted by wage inflation) over its working life. The average gross hourly
wage in the bottom left panel is shown net of the trend growth arising from exogenous
skill-neutral technological change in Y; over time. Capital-output ratio and de-trended average
wage are normalized to 100 in 2010. The bottom right panel shows the average earnings premium
of college graduates and the share of college graduates in the 25+ workforce in percent.
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While 1) the replacement rate, 2) the interest rate, and 3) the earnings premium

decline gradually over time, 4) the average wage level increases.

As an indicator for the development of overall economic inequality in the economy
table 1.B.1 displays the change in the Gini coefficients of net total income and

consumption from 2010 to 2050. The resulting numbers are similar to the results

Table 1.B.1: Measures of Economic Inequality: The Change in Ginis from 2010 to 2050
Without Past Skill-Biased Technological Change

net total income | consumption
Gini(2050) — Gini(2010), baseline +7.9 —3.6
Gini(2050) — Gini(2010), fix demographics —4.6 +2.2

Source: Auxiliary model without past skill-biased technological change. Notes: The numbers show
percentage point changes. The top row displays the total change in Gini coefficients while the
bottom row shows the corresponding values if the Gini coefficients in 2050 are recomputed using
the age distribution of the population in year 2010. Net total income is the sum of capital income
and net earnings, respectively pension income of a household.

with past skill-biased technological change in the main text. However, the change
in the income Gini shows to be about 2 to 3 percentage points more positive than
in the case with past skill-biased technological case. This holds for both computed
values (top and bottom row) and mirrors the development of the earnings premium
which exhibits a smaller drop in the case without past skill-biased technological

change as it is discussed in the main text.
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Risky Human Capital, Aging, the
Equity Premium, and Welfare

2.1 INTRODUCTION

As the population in all major industrialized countries the population in the U.S. is
aging reducing the fraction of the population in working age. This process is driven
by falling mortality rates and declining birth rates, which substantially reduces
population growth rates. Based on Human Mortality Database (2008) and United
Nations (2007), figure 2.1 compresses the stylized facts on demographic change by
displaying the predicted time paths of two key demographic indicators for the US.
The solid line in the figure (left scale) is the predicted working age to population
ratio — here defined as the number of the working age population of age 20-64
to the total adult population of age 20-110 — and the dashed line (right scale) is
the corresponding time path of the old age dependency ratio — here defined as
the number of the population of age 65 and older as a fraction of the working age
population." While the working age to population ratio is projected to decrease by
roughly 9 percentage points between 2010 and 2030, which we take as the base
years of comparison throughout the paper, the old age dependency ratio increases
by about 15 percentage points.” These projected developments will make raw labor
a scarce factor relative to physical capital with ensuing decreases of the rate of

return to capital.

What will be the financial market consequences of these demographic develop-
ments? No consensus has been reached in the academic literature on this promi-
nent question posed by Abel (2001, 2003), Poterba (2001) and several others. De-

'The age bounds in these definitions correspond to the definitions used in the macroeconomic
simulation model, cf. section 2.2.

The choice of year 2030 as a base year of comparison is motivated by the insight that demo-
graphic developments somewhat flatten out after 2030, cf. figure 2.1, and because demographic
projections are inherently more uncertain after a horizon of about 30 years.

43



Chapter 2 Risky Human Capital, Aging, the Equity Premium, and Welfare

Figure 2.1: Expected Demographic Change in the U.S.
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Source: Own calculations based on United Nations (2007) and Human Mortality Database
(2008).Notes: The working age to population ratio is here defined as the number of the working
age population of age 20-64 to the total adult population of age 20-110. The old age dependency

ratio is here defined as the number of the population of age 65 and older as a fraction of the
working age population.

spite significant effects of demographic change on the rate of return to capital, it
has recently been argued that the size of these effects seems too small such that
the catchphrase “asset market meltdown” is not justified in the context of popu-
lation aging, cf., e.g., Borsch-Supan, Ludwig, and Winter (2006) and Kriiger and
Ludwig (2007). Quite in contrast, there is little agreement on the qualitative as
well as the quantitative effects of demographic change on the differential returns
between risky and risk-free assets Bakshi and Chen, 1994; Brooks, 2004; Borsch-
Supan, Ludwig, and Sommer, 2003; Geanakoplos, Magill, and Quinzii, 2004; Kuhle,
2008. While Brooks (2004) reports substantial increases in the equity premium,
the approximate calculations in Borsch-Supan, Ludwig, and Sommer (2003) rather
suggest a small increase. Geanakoplos, Magill, and Quinzii (2004) conclude that
“the equity premium is smaller when the population of savers is older” which the
authors interpret as a contradiction to the findings of Bakshi and Chen (1994) and
Brooks (2004).

The contribution of this paper is to develop a multi-generation overlapping gen-
erations (OLG) model in the tradition of Auerbach and Kotlikoff (1987) in order
to provide a quantitative assessment of the effects of demographic change on the
equity premium. Any serious attempt to quantify these effects should be based

on simulation models with a periodicity of one to at most five years. Models that
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run at a lower frequency implicitly impose restrictions on household’s ability to
adjust their portfolio which may severely bias the predictions. The periodicity of
our model is therefore annual and we calibrate the model to the projected trends

of U.S. demography in the coming decades.

However, the annual frequency of our model also, in principal, implies tremendous
computational costs. To avoid these we adopt the risky human capital framework
developed in Krebs (2003) and Krebs and Wilson (2004) in an overlapping genera-
tions setup. By assuming that the technology of human capital production is linear,
our setup considerably simplifies the numerical solution of the model’s household
sector conditional on the law of motion of the aggregate state of the economy, also
see Merton (1969) and Samuelson (1969).

Yet, human capital in this model does not only serve a computational purpose.
First, it enables us to account for the considerable evidence that individual house-
holds face a substantial amount of uninsurable idiosyncratic labor income risk
which, in a model with aggregate risk, generates additional precautionary sav-
ings. Our analysis therefore also relates to the literature on the importance of
background risk for asset pricing, see, e.g., Storesletten, Telmer, and Yaron (2007).
Second, it has recently been shown that human capital investments are an impor-
tant adjustment channel to demographic change, see Ludwig, Schelkle, and Vogel
(2012) and the literature cited there. The argument is that demographic change
leads to a relative shortage of raw labor and abundance of physical capital which
tends to increase the relative return on human capital leading to an increase of

educational investment.

The above discussion illustrates how the model developed in this paper kills three
birds with one stone. The stone is the idea to use the linear human capital tech-
nology in an OLG application and thereby to simplify solution of the household
model. The three birds are, first, preserving computational tractability despite a
large model with complex transitional dynamics, second, idiosyncratic risk and
thereby meaningful asset pricing, and third, human capital as an important chan-

nel to adjust to the consequences of demographic change.

On the aggregate side we follow the literature (e.g., Gomes and Michaelides (2008)
and Storesletten, Telmer, and Yaron (2007)) and compute an approximate rational
expectations equilibrium by applying a variant of the methodology developed in
Krusell and Smith (1997, 1998). The Krusell-Smith methodology is modified in or-
der to account for the fact that demographic change enters the model through a

time-varying exogenous process. As the periodicity of the model is annual, tran-
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sitions are rather smooth and the Krusell-Smith method is robust and accurate.

Our results show that the expected decrease of the average stock return until 2030
is in the order of magnitude of 0.16 percentage points. The decrease of the risk-free
interest rate on bonds is slightly higher such that the equity premium increases by
about 0.08 percentage points. These relatively mild changes in returns and the eq-
uity premium result from an interplay of three main effects. First, older households
on average hold relatively fewer equity than younger households in the model as
well as in the data (cf. Ameriks and Zeldes (2004)).” Demographic change increases
the size of the old population relative to the young which drives up the relative
demand for bonds thereby increasing its relative price. Consequently, the equity
premium tends to increase. The second effect is a portfolio adjustment effect iso-
lated in Kuhle (2008) that works in the opposite direction: Ignoring the first effect,
suppose that demographic change would lead to a decrease of the expected rates of
return on both assets by the same amount (such that the ex-ante equity premium
is constant). For a positive equity premium, then, the percentage decrease of the
risk-free rate of return is higher such that the investor increases her relative port-
folio shares of equity and the demand for bonds decreases. Hence, the equilibrium
increase of the equity premium is smaller than the first effect would postulate in
isolation. Third, and most importantly, endogenous human capital adjustments
have a large effect. As societies are aging, labor becomes a relatively scarce factor
and households increase human capital investments. This increases productivity
thereby decreasing the downward pressure on asset prices. If we instead hold the
human capital shares constant, then, the negative effects on asset returns are much
larger. In that scenario, the average stock return decreases by about 0.70 percent-
age points until 2030 and the equity premium increases by about 0.27 percentage

points.

A welfare analysis shows that the decline of asset returns and the co-incident in-
crease of the human capital return benefits future generations relative to gener-
ations born in the past. Again, human capital adjustments reduce welfare conse-

quences and their differences across generations considerably.

The remainder of this paper is structured as follows. Section 2.2 presents the large
scale overlapping generations model. Section 2.3 discusses calibration of the cur-
rent version and the numerical solution. Section 2.4 presents simulation results.

Finally, section 2.5 concludes.

3According to Ameriks and Zeldes (2004) life-cycle portfolio shares do not vary much with age
conditional on participation but participation decreases around the age of retirement.
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2.2 MODEL

We extend the classical Diamond (1965) economy to a multi-period setup as in
Auerbach and Kotlikoff (1987) with idiosyncratic and aggregate risk. On the house-
hold side, the novelty in this paper is to assume that labor income is a choice
variable of households rather than being exogenously given. This feature is imple-
mented by adopting the human capital framework developed in Krebs (2003) and
Krebs and Wilson (2004) in an overlapping generations setup. In each period, a
household of a given age chooses to invest a fraction of her overall wealth in hu-
man capital, respectively financial capital. As for the fraction of wealth invested
in financial assets, the household solves a standard portfolio allocation problem
by choosing how much to invest into risky physical capital and risk-free bonds.
Consequently, there are three assets in the economy: risky human capital, risky
physical capital and risk-free bonds. In this setup, once portfolio allocation deci-
sions are made, household consumption and savings policies are linear functions
of wealth, cf. Merton (1969) and Samuelson (1969). Therefore, conditional on ex-
pectations on the evolution of aggregate prices, the household problem is easy
to solve. This feature of the model is particularly useful because it enables us to
solve a large-scale OLG model with rather complex dynamics without incurring

tremendous computational costs. On the firm side, the model is standard.

2.2.1 Risk AND TIME

Time is discrete and runs from¢ = 0, . . ., co. Aggregate uncertainty is represented
by an event tree. The economy starts with some fixed event )y, and each node
of the tree is a history of exogenous shocks \* = (Ao, A\1,...,\;). The shocks
are assumed to follow a Markov chain with finite support L and strictly positive
transition matrix II. For notational convenience, we will only index variables by
time thereby suppressing the dependency of variables on A’ but it is understood

that all choice variables are functions of history.

2.2.2 PRODUCTION

Production takes place with a standard Cobb-Douglas production function with

total output at time ¢ given by

}/t = Zt Kta . (Tt . Ht)lia (21)

47



Chapter 2 Risky Human Capital, Aging, the Equity Premium, and Welfare

where K, is the aggregate stock of physical capital, H; is the aggregate stock of
human capital, and z; is a stochastic shock to total factor productivity. Y, is a
human capital augmenting productivity parameter which grows at the exogenous

constant rate g which captures the observed trend in GDP in the data.

Profit maximization of firms leads to the standard first order conditions stating

that marginal products equal returns minus depreciation rates:

K a—1
Tf(:@.zt. (Tt-th) —5tK (2.2a)
K «
’f‘f]:Tt'<l—Oé)'Zt' (Tttf'ft> . (2-2b)

Note that # grows along with T over time while r¥ is trend-stationary. Follow-
ing Kriiger and Kiibler (2006), Storesletten, Telmer, and Yaron (2007), Gomes and
Michaelides (2008) and others we assume that the depreciation rate of physical

capital, 0% is stochastic.

2.2.3 DEMOGRAPHICS

The economy is populated with .J + 1 overlapping generations and the underlying
population dynamics is the exogenous driving force of the model. Households
enter the model at the age of 20 (j = 0) and live at most until turning 101 (j =

J + 1 = 81). Population of age j in time period ¢ is given recursively as

Ni_1j-1G-1,5-1 fory=1,...,J

i N for i — 0 (2.3)
Zgzo ft—zo,z t—20,0 10T j

where ¢, ; and f; ; denote time and age-specific survival rates and fertility rates re-
spectively. j; is the age of menopause. Processes governing mortality and fertility

are assumed to be non-stochastic.

2.2.4 PREFERENCES

We take Epstein-Zin preferences. Let 6 be the coefficient of relative risk-aversion

and ¢ denote the elasticity of inter-temporal substitution.

Y

1-6

2=

Ut = Ct,;’ + - (Et,j [gt,j 'utl—:le,j-i-l]) (2.4)
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where v := (1 — 0)/(1 — 1/£). 0 < B < 1 is the standard discount factor. For
0 = 1/¢ we have v = 1 and are back at standard CRRA preferences. 3 is the raw
time discount factor and ¢; ; is consumption at time ¢, age j. [, ; is the expecta-
tions operator and expectations are taken with respect to idiosyncratic shocks to
human capital and aggregate shocks to productivity and physical capital depreci-
ation conditional on information at time ¢, age j. As ¢; ; equals O for all ¢, equation

(2.4) implies that u; = c;.

2.2.5 ENDOWMENTS

When entering the economy at age j = 0, households are endowed with an initial
level of human capital, /o = ho for all ¢ and financial wealth £; , which is set to
zero for all ¢ for convenience. Summing financial assets and human capital makes
up households’ total wealth. Each period, households choose to invest a fraction
of their total wealth in financial assets and in human capital respectively. Let zi’ j

denote the amount of wealth invested in human capital.

Human capital earns a gross rate of return of /7 which is the marginal product of
human capital. The term 7/’ - h; ; can be understood as gross earnings of a house-
hold at age j in period ¢.

We assume that human capital depreciates at the individual level by the age-specific
deterministic rate 5?. The age-profile of {5?}?;1 enables us to calibrate the model
such that it mimics decreasing returns to human capital accumulation as assumed
elsewhere in the literature (e.g., Huggett, Ventura, and Yaron (2011)). We assume

the following functional form

0 = —xo+exp(x1-4), Xxo>0,x1>0, (2.5)

which is monotonically increasing in j such that 1 — yg < 5;? < 5}1 'y forall 5. xq
is the rate at which the household’s human capital depreciation accelerates when
getting older.

After the return to human capital is paid the household is hit by an additive id-

iosyncratic shock to its human capital holdings:
e ~ D(O, 02(>\t)) (26)

where D is some distribution with mean zero further specified in the quantitative

section 2.3. Although the shock is idiosyncratic, it depends on the current state of
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the economy, \;, because, as further discussed below, the variance of the idiosyn-
cratic human capital shock, 02, depends on the current state of the economy.
Collecting all these elements, the human capital accumulation equation in period

t, age 7, is given by
P = hej- (1 - 5? + ) + %Z]w hyj >0 Vi, j, (2.7)

where EZ = 2? ; /T;.* Note that all variables in (2.7) are trend-stationary, i.e., they
do not exhibit exogenous growth along with human capital productivity in pro-

duction Y,°.

The household faces a portfolio decision between risky and one period ahead risk-
free financial assets, which we denote in the following by risky equity and risk-free
bonds respectively.” Let o} ; be the fraction of financial assets invested in risky
equity in period ¢, age j. The dynamic financial asset accumulation equation in
period ¢, age j, is then given by

keergon = kej - (L] + a5, (rf —r]) + by rfl =iy — ey (2.8)

2.2.6 RECURSIVE HOUSEHOLD PROBLEM

We hereafter define recursively the household problem conditional on a law of
motion of the aggregate state of the economy. We present a de-trended version of
the household problem derived in section 2.A.1 of the appendix. The symbol ™ in-
dicates that a variable has been transformed, e.g. k=k /T, thereby removing the
trend from (exogenous) labor-augmenting technological progress. It is convenient
to express next period’s values with symbol ’, irrespective of whether they are
only time-dependent or both, age- and time-dependent. The states of the house-
hold problem are the exogenous states j, ¢, and A, the endogenous idiosyncratic
state of (de-trended) cash-on-hand, 7, further specified below as well as the distri-

bution of (de-trended) wealth, 2, which is the endogenous aggregate state of the

*We assume that costs for human capital investment, i?, grow with the same rate as Y.

5As the return to human capital 7 already exhibits a trend growth along with T;, human capital
must be trend stationary in order to assure that gross human capital earnings, h: ; - r/, grow
at the same rate as Y'; over time.

The assumption of risk-free bonds is not innocent and relies on the assumption that debtors
(which can be households and firms) always repay their debts. This is especially not subject to
neither the aggregate state of the economy nor, in case of a household, the idiosyncratic state
of the debtor.
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economy. The associated law of motion is ' = ®(Q, A\, X', N’). The existence of
aggregate shocks implies that €) evolves stochastically over time. Notice that \
is a determinant of ' because it specifies 7’ and 7. A change in demography,
N’, induces a transition of the economy from an initial stationary equilibrium to

another. The (de-trended) household problem at age j in period ¢ is then given by

w(@ANQ) = max {5 4+ (EBF N, Q)T (29)

6,.%’,&5/,(/)2’”

1
si.i’::Tq;g-(i-—é)-(1+—?),£0>>0ghmn (2.10)
Q' =d(Q, NN, N'), N given (2.11)
7(A'|N), Ao given (2.12)

n ~D(0,0%(\)).

where 7 1= (l;:—kh/(l +9)-(L+7),7 =0+ (r¥ — v/ +a" . 7V — I,
o= (L4 g) (P 1= ) — 1,8 = o K/(K + K1+ g))
&M= /(1+ )/ (K + /(1 +g) . and B:= -7 (1+g) 7.

The expectation E above is taken with respect to the realization of tomorrow’s

1
5

aggregate state A’ conditional on state \ today and the realization of tomorrow’s
idiosyncratic shock, 7. Note that \" determines the shock to technology, 2/, the
shock to physical capital depreciation, 4%/, and the variance of the idiosyncratic

human capital depreciation shock, o?'.

Using results derived in Samuelson (1969) we can next state the following proper-

ties of the optimal policy functions.

Proposition 1. Denote by a**' and &"*' the optimal portfolio decisions that are the

solutions to

(2.13)
(2.14)

where m denotes the marginal propensity to consume out of (de-trended) cash-on-
hand, z. Then the optimal (de-trended) consumption function is linear in cash-on-
hand,

[}
I
3
8

(2.15)
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The marginal propensity to consume out of cash-on-hand is given by

1
T.c. ] T o
m = [ , where = E[(m')l . (1+7)7.
L+ [ s gl
Proof. Please see section 2.A.1 in the appendix. [

Note that portfolio decisions do not dependent on and consumption is linear in
current cash-on-hand. These features are due to the homotheticity of preferences
and are particularly useful in the numerical solution of the simulation model. They
transfer the results in Krebs (2003) and Krebs and Wilson (2004) which were de-
rived in an infinite horizon model to a (finite) life cycle household problem. Fur-
thermore, it implies that we do not need to break down the wealth distribution into
idiosyncratic characteristics other than age which we impose in the remainder of

this paper for the sake of easier presentation.

2.2.7 GOVERNMENT

The government taxes accidentally bequeathed financial wealth of departed house-
holds and uses it for government consumption. For simplicity we assume that
the tax rate on bequests is 100%. Note that the government receives bequeathed

wealth including associated interests in period ¢ + 1.

J
1
G = 1o D0 Mo+ (L= ) - B+ (L= )
t+ 1+g par t,g t,J t,g t,j (216)

(1T + 7{+1 +ag g (i — Tfﬂ))
2.2.8 EQUILIBRIUM

Equilibrium in the economy is defined recursively and presented in de-trended
form, cf. section 2.2.6. It requires market clearing in all periods while optimal de-
cisions and aggregation conditions have to hold. In the following, ’ (,) indicates

next (last) period’s variables while we make the dependency on age, j, explicit.

A recursive competitive equilibrium is a value function v(j, Z, A, 2) and policy
functions, a* (7, \, N, Q), a" (45, \, N, '), m(j, A\, X, '), for the household, pol-
icy functions for the firm, K (X, Q), H(\, Q), pricing functions (), Q), r# (), Q),

7 Again, an aggregation over age only suffices due to the independence of policy functions of  as
explained at the end of section 2.2.6.
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r/'(), ), the demographic distribution, N, the wealth distribution, 2, and its as-
sociated (aggregate) law of motion, ®(Q2, A, ', N'), such that for all (), 2)

L ov(-), 2(5,\,Q), é(4, T, X, Q), a%(-), a"(-), m(-) are measurable, v(-) satisfies
the household’s recursive problem, and a*(-), a"(-), m(-) are the associ-
ated policy functions following from the conditions in proposition 1, given
E[rs' (N, ®(Q\ N, N, E[FY(G+1,9, N, ®(Q,\, N, N))|,r/"(-) and Z(-),

2. firms behave optimally as according to equations (2.2),

3. government consumption financed by accidental bequests fulfills equation
(2.16),

4. market clearing on bond, stock, human capital, and final good markets as
according to equations (2.17), (2.18), (2.19), and (2.20) respectively:

O DN 5 (1= ) (=70 = 8V
(2.17)
PRV EEE R
(‘)'m = M'JZ:% () -z(5,-) - X =m(4,-) - a”(4,") (2.18)
_ ZJ:N 2(J,) .ah(j D) (2.19)
= 1 +7“(J, ) ’
Y(AQ) =C\Q)+GAQ) + 5N Q) + 1"\, Q) (2.20)

where ( := % is the leverage ratio of bonds over stocks of the representative
firm which is exogenous and fix by assumption, cf. section 2.3. The bond
price ¢/(\, Q) = (1 + r/(\,Q))~! is determined such that it clears the
bond market in period ¢. (2.20) is the aggregate resource constraint which is

derived in section 2.A.2 of the appendix,

5. the aggregate law of motion & satisfies
Q' =d(Q, NN, N). (2.21)

It is generated by the exogenous population dynamics, the exogenous stochas-
tic processes and the endogenous asset accumulation decisions as captured
by the policy functions,

6. the initial wealth distribution, 2g;

7. the transition matrices for the exogenous processes.

Definition 1. A stationary recursive competitive equilibrium is a special case of the
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equilibrium described above. It is characterized by time-constant individual policy
= s/

functionsm(-), @*(+), a"(-), and a time-constant aggregate law of motion ®(-). This

requires a time-constant demographic distribution, N.

2.3 CALIBRATION AND NUMERICAL SOLUTION

In terms of expectations, we solve an approximate rational expectations equilib-
rium by applying a variant of the method of Krusell and Smith(1997, 1998) as fur-
ther described in appendix 2.B.1.

Calibration of the model is in part by reference to other studies and in part by
informal matching of moments procedures. The period length is one year. Table 2.1
summarizes structural model parameters where target values refer to year 2010.
The additional parameters governing stochastic and demographic processes are

only described in the text.

Table 2.1: First and Second Stage Parameters

Parameter Value Target Target Source, Comment
Firm sector

Capital share: o 0.36 1% stage wage share (NIPA)
Technological progress: g 0.018 1% stage TFP growth (NIPA)
Leverage ratio: ¢ 0.67 1% stage RZ

Mean depreciation rate K: 6 0.086 rf =0.013 PST, Shiller (2015)
Households

Life cycle: j = {0, j,, J} {0, 45,80} 1% stage biological age: {20, 65, 100}
Elasticity inter-temp. substit., £ 1.5 1% stage Bansal and Yaron (2004)
Endowment: {hq, ko} {1.0,0.0} 1% stage normalization
Time discount factor: (3 0.936 K/Y =265 NIPA

Relative risk aversion: 0 8.4 r® —rf =0.062 PST
Depreciation rate h: {xo, x1} {0.976,0.0007}  {r" - h;}5%,, PSID

Source: Baseline model: The target year is 2010. Notes: RZ = Rajan and Zingales (1995). PST =
Piazzesi, Schneider, and Tuzel (2007). We target the average of the post-Second World War
risk-free rates of PST and Shiller (2015).

The time- and age-specific demographic data for the population dynamics in (2.3)
are based on Human Mortality Database, 2008 and the United Nations’ population
projections United Nations, 2007.

We assume that aggregate risk is driven by a four state Markov chain with support
L ={)\,..., \s} and transition matrix IT = (;;). Each aggregate state maps into

a combination of low or high technology shocks and low or high physical capital
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depreciation. Precisely, we assume that
) 20(1+ 2) for A € Ap, A 0 — B; +i for A € A1, \s
20(1 — 2) for A € Az, \y 0k — 0 for X € Mg, Ay
(2.22)
One feature specific to the model is that the endogenous fluctuations generated by
the financial savings and human capital accumulation channels are higher than in
the standard model with exogenous labor income. Therefore, the auto-correlation
of the exogenous technology shock process, p*, and the probability of a high (low)
depreciation state conditional on being in a low (high) technology state, p°, must
be lower than in the standard model. We assume p° = 0.6 and p* = 0.7 which
comes close to Gomes and Michaelides (2008) who use 0.5 and 0.67 respectively.
Z is set to 0.02 which results in a standard deviation of GPD growth of 4% and a
standard deviation of consumption growth of 3.8%. This is slightly higher than
the 3% measured usually in the data. The standard deviation of the shock to the
depreciation rate of physical capital is set to 5" = 0.1 such that the model matches
the standard deviation of the stock return in the data of about 16.7% (cf., e.g.,
(Shiller, 2015)).

The value of the capital share parameter, « = 0.36, is based on an estimation
of the aggregate production function for the US (cf. Kriiger and Ludwig (2007))
and lies in the usual range considered in the literature. The value of the mean
depreciation rate of physical capital, 5% = 0.086, lies at the upper end of the range
of empirical estimates and leads to a risk-free interest rate of 1.3%. We assume that
the representative firm keeps an exogenous fixed leverage ratio, ¢ := %, which is
set to the empirically observed value, 0.67 (cf. Rajan and Zingales (1995)). Thereby,

corporate bonds are in positive net supply.

The value of households’ raw time discount factor, 5 = 0.936, is at the lower range
of values considered in the literature. It yields the in NIPA data observed capital-
output ratio of 2.65. The elasticity of inter-temporal substitution, £, equals 1.5. It
lies in the range considered in the asset pricing literature (cf. the discussion in
Bansal and Yaron (2004, pp. 1492-93)) and results in a hump-shaped consumption
profile which is in line with the data, cf. Fernandez-Villaverde and Kriiger (2006).
While being mostly flat between 45 and 65 the peak lies at around the age of 55.
The value of the coefficient of relative risk aversion, 8 = 8.4, must be considered
high relative to the literature. However, Mehra and Prescott (1985) argue that the
upper bound of reasonable values of the parameter of risk aversion is 10. With

this value, the model is able to generate an empirically observed equity premium
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of about 6.2%.

Due to the homotheticity of preferences, the initial level of human capital A is
irrelevant and we normalize human capital by setting hy = 1. We calibrate the
human capital depreciation rate, ", by setting the corresponding parameters, Y,
and X1, such that the model matches observed wage profiles based on PSID data
provided by Huggett, Ventura, and Yaron (2011).® Idiosyncratic shocks to human
capital, 7, are uncorrelated but the variance of 1 depends on the current state of
the economy which has been documented in the data and used in the asset pricing
literature (cf. Storesletten, Telmer, and Yaron (2004) and Constantinides and Duffie
(1996) respectively). We follow the approach of Storesletten, Telmer, and Yaron
(2007) and set the standard deviation o; to

0.2 forAe (A, A
o= o()\) = or A € (M, %) (2.23)
0.1 forA\e ()\3, )\4)

which is within the range considered in Krebs and Wilson (2004).

2.4 RESULTS

2.4.1 CROSS-SECTIONAL PROFILES IN 2010

Figure 2.2 shows resulting key cross-sectional age profiles of the model economy
in year 2010. The top left panel shows consumption and gross savings by age. Con-
sumption is hump-shaped as in the data (cf., e.g., Fernandez-Villaverde and Kriiger
(2006)) and remains at its maximum level between 48 and 64. Gross savings exhibit
the typical saving-dis-saving pattern as in standard life-cycle models. The top right
panel depicts the portfolio allocation of households by age. It shows the following
pattern. Households enter their economically relevant lifetime with zero financial
assets but positive human capital. Subsequently, the latter follows a hump-shaped
pattern over the working life which results in a corresponding pattern in the age-
earnings profile (bottom left panel). This is a target in the calibration. The pattern
of financial asset holdings shows in the bottom right panel. It depicts the share of
risky assets in the financial portfolio and follows a declining pattern over the work-
ing life cycle. Note that this stems from the co-incident decrease of human wealth
which is defined as the present value of expected remaining lifetime earnings. De-

spite its riskiness, human wealth shows to resemble rather the holdings of one

8We thank Mark Huggett for sending us the data.
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(a) Consumption and Gross Savings

Figure 2.2: Cross-Sectional Profiles in 2010
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(b) Portfolio Allocation
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(d) Risky Share in Financial Assets
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Source: Baseline model in year 2010: Selected average cross-sectional age profiles.

57



Chapter 2 Risky Human Capital, Aging, the Equity Premium, and Welfare

period ahead risk-free bonds than of stocks. Consequently, households re-allocate
their portfolio toward bonds when human wealth decreases (cf., e.g., Campbell and
Viceira (2002, ch. 6 et seqq.)). As human wealth equals zero as of the retirement
of a household the risky financial portfolio share remains approximately constant

over the retirement spell.

2.4.2 MACROECONOMIC AGGREGATES AND ASSET RETURNS

In the following, we show resulting time paths of key variables in the model in-
duced by the demographic transition. These are macroeconomic aggregates and
the returns to the different kinds of assets as well as the resulting equity premium.
In order to reveal the role of human capital in the demographic transition we show
results of two variants of the model for the main period of projection, i.e., 2010 to
2050. Left sub-figures depict results for the baseline case while right sub-figures
belong to an auxiliary variant of the model in which all human capital shares in

total wealth are held fix at the level of 1960. By the latter, we approximate a model

Figure 2.3: Working Age-to-Population Ratio and Old Age-Dependency Ratio
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Source: Own calculations based on United Nations (2007) and Human Mortality Database
(2008).Notes: The working age to population ratio is here defined as the number of the working
age population of age 20-64 to the total adult population of age 20-110. The old age dependency

ratio is here defined as the number of the population of age 65 and older as a fraction of the
working age population.

without human capital adjustments and are able to show their mitigating effect for

dynamics of aggregate measures and asset returns in the demographic transition.
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Figure 2.3 summarizes the demographic transition of the U.S. economy which is
the exogenous driving force in the model. It reflects the aging process in the U.S.
economy by depicting the evolution of its working age-to-population ratio. How-
ever, note that the demographic structure of the model is much richer than that
summary statistic featuring the entire distribution of the population and its sur-
vival probabilities over age. The most severe change in the age structure of the
economy is expected to evolve until around 2030. Subsequently, there is almost
no further change in the working age-to-population ratio until 2050. However,
although this is not captured by the summary statistics, the age distribution still

changes albeit with a lower degree of severity.

The blue solid lines in figure 2.4 and the green dashed lines show the resulting paths
of human capital-output ratio, H/Y", and physical capital-output ratio, K/Y, re-

spectively. Conventional analyses suggest that aging induces a relative shortage

Figure 2.4: Macroeconomic Aggregates: Physical and Human Capital

(a) Baseline (b) Fixed Human Capital Shares

K/Y and H/Y, baseline model K/Y and H/Y, model with fixed human capital shares
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Source: Baseline model (panel (a)) and auxiliary model with fixed human capital shares (panel (b))
in the main period of projection. Notes: Human capital shares in the auxiliary model are held fix
at the level of the initial stationary equilibrium in 1960.

of labor and a relative abundance of physical capital in the economy. This cor-
responds to an increase in the physical capital-output ratio and a decrease in the
human capital-output ratio. Both applies in the baseline case depicted by the left
panel of figure 2.4. It implies that endogenous human capital adjustments do not
offset the shortage of labor arising from the aging process. However, the right
panel reveals that labor scarcity is much more pronounced if human capital shares

remained constant. This underscores the importance of endogenous individual
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human capital adjustments for the macroeconomic composition of capital and la-
bor in the demographic transition. Note that dynamics are less pronounced as of
around 2030 which re-emerges in subsequent figures. As explained above, demo-
graphic shifts are less severe as of 2030 leading to smaller movements in aggregates

and prices.

What does the change in the aggregate measures imply for the returns to phys-

ical and human capital? Figure 2.5 plots the corresponding time paths. It shows

Figure 2.5: Risky Asset Returns

(a) Baseline (b) Fixed Human Capital Shares

and rH, baseline model and rH, model with fixed human capital shares
16.5 5.1

5 return to physical capital (rK) 164 5 return to physical capital (rK) 1164
= = = return to human capital (r") = = = return to human capital (") ||
49 1163 4.9 1

4.8 116.2 4.8

4.7 116.1 4.7
r )6 116 4y e ()46
45 {15.9 45
44 115.8 4.4

4.3 - 115.7 4.3

4.2 115.6 4.2

a1 . . . . . . . 155 a1 . . . . . . . 155
2010 2015 2020 2025 2030 2035 2040 2045 2050 2010 2015 2020 2025 2030 2035 2040 2045 2050
year year

Source: Baseline model (panel (a)) and auxiliary model with fixed human capital shares (panel (b))
in the main period of projection. Notes: Human capital shares in the auxiliary model are held fix
at the level of the initial stationary equilibrium in 1960.

that rates of return to physical capital decline which is the mirror image of the
increasing capital-output ratios in figure 2.4. Again, this is consistent with con-
ventional analyses. Correspondingly, human capital returns follow an increasing
pattern which reflects the augmenting relative scarcity of labor in the demographic
transition. Note that the effects are quantitatively small in the baseline model but
sizable when we hold human capital shares constant. This confirms the findings
of Ludwig, Schelkle, and Vogel (2012). In the latter case the change in the risky

interest rate amounts to a substantial one percentage point decrease until 2030.

Let us now turn to the key concern of this paper, i.e., how the effect of demographic
change on physical asset returns differs by the risk nature of assets. While returns
to equity exhibit business cycle risk, returns to bonds are risk-free for a time hori-
zon of one period. Figure 2.6 plots resulting time paths for returns to equity and
returns to bonds. Both returns decline over time which corresponds to the result

of a declining return to physical capital described above. Again effects are much
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Figure 2.6: Return to Equity and Risk-Free Rate
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Source: Baseline model (panel (a)) and auxiliary model with fixed human capital shares (panel (b))
in the main period of projection. Notes: Human capital shares in the auxiliary model are held fix
at the level of the initial stationary equilibrium in 1960.

larger in the model with constant human capital shares. The development shows
that we can expect low returns for (many) decades to come, irrespective of the risk
nature of the asset. Moreover, figure 2.7 reveals the relative size of those declines
by plotting the evolution of the equity premium, defined as the difference between
the return to equity and the return to bonds. While effects in the baseline case
are rather negligible, the equity premium increases by about 30 basis points until
2030 in the model with fixed human capital shares. This comes from the fact that
households hold relatively more bonds in their financial portfolio as was shown
in panel (d) of figure 2.2.° In the course of aging, that implies a higher relative
demand for bonds in the economy which drives down the return to bonds more
strongly than the return to equity. The comparison of the two panels shows that
human capital adjustments work as an opposing force to that boosting effect of
aging on the equity premium. Higher human capital investments, in particular, by
young households imply higher earnings along their working life, enforced by the
co-incident increase in the return to human capital. This implies higher human
wealth of a household. As was discussed in section 2.4.1 and shown elsewhere in
the literature (cf., e.g., Campbell and Viceira (2002, ch. 6 et seqq.)) rising human

wealth elevates the risky share in the financial portfolio of a household as long as

°In fact, this includes a counteracting portfolio adjustment effect isolated in Kuhle (2008) which
arises if the absolute return level drops which is the case here. Please see the explanation at the
end of the introductory section 2.1.
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Figure 2.7: Equity Premium
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Source: Baseline model (panel (a)) and auxiliary model with fixed human capital shares (panel (b))
in the main period of projection. Notes: The lines show the equity premium defined as the
differential return between equity and bonds. Human capital shares in the auxiliary model are
held fix at the level of the initial stationary equilibrium in 1960.

the (positive) correlation of their returns is not too high."

Tables 2.2 and 2.3 summarize the results described above by reporting the corre-
sponding numbers for the years 2010, 2030, and 2050.

Table 2.2: Summary of Baseline Results

WAPR K/Y 1/ r* {"}awg. EP

2010 (in %) 82.00 265.00 130 7.49 11.64 6.19
2030 (in %) 73.00 268.00 1.06 7.33 11.81 6.27
2050 (in %) 72.00 267.00 112 7.37 11.80 6.25

A{2030_2010} (m %p) -9.00 +3.00 -0.24 -0.16 +0.17 +0.08
A{2050,2010} (ln %p) -10.00 +2.00 -0.18 -0.12 +0.16 +0.06

Source: Baseline model in the main period of projection. Notes: W AP R= working
age-to-population ratio. {?hj}awg, = average return to human capital of all agents alive.
EP :=r* — 1. The top three lines show the values of the considered variables for the year 2010,
2030, and 2050 in percent. The bottom two rows show the percentage point (%p) change of the
considered variables from 2010 to 2030 and 2010 to 2050.

9The correlation in the model equals about 0.1.
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Table 2.3: Effect of Endogenous Human Capital

WAPR  k/y rf r* {M"}arg. EP

Baseline

A{2030—2010} (11’1 %p) -9.00 +3.00 -0.24 -0.16 +0.17 +0.08
Agos0_2010y (in %p)  -10.00  +2.00 -0.18 -0.12  +0.16  +0.06
Holding human capital shares constant

A{2030_2010} (11’1 %p) -9.00 +16.00 -0.97 -0.70 +0.60 +0.27
Agos0_2010y (in %p) -10.00 +11.00 -0.65 -0.47  +0.42  +0.18

Source: Baseline model (top two rows) and auxiliary model with fixed human capital shares
(bottom two rows) in the main period of projection. Notes: W AP R= working age-to-population
ratio. {?hj}awgé average return to human capital of all agents alive. EP := r® — rf. The
numbers show the percentage point (%p) change of the considered variables from 2010 to 2030
and 2010 to 2050.

2.4.3 CONSEQUENCES FOR WELFARE

What are the welfare consequences of the price dynamics described in the pre-
vious section? How do they differ across generations? In order to answer these
questions, we follow Davila et al. (2012), Harenberg and Ludwig (2015), and others,
and measure welfare by ex-ante expected utility at the beginning of a household’s
life, E[v. o]. All households of a given cohort are ex-ante identical and turn het-
erogeneous along the life cycle due to idiosyncratic shocks to human capital. The
welfare concept of ex-ante expected utility is the natural objective of a social plan-
ner who is behind the veil of ignorance (cf. Davila et al. (2012, p. 2439)). From this
it follows that it provides also the natural perspective on the consequences that

arise from the exogenous force in this model.

Demographic change affects a household’s welfare in two ways. The first effect
arises from changes in survival probabilities which are exogenous in this model.
The second effect stems from changing good allocations induced by changes in
wages and asset returns. We want to isolate the second effect and, therefore,
conduct the following auxiliary computation. We compute welfare of households
which face on the individual level the time- and age-dependent survival probabil-
ities of the demographic transition while living in the aggregate environment of
the initial stationary equilibrium in which no demographic change takes place."

Given that, households decide fully rational as in the baseline case. We then mea-

This implies that both, the coefficients in the aggregate law of motion and the age distribution
of the economy equal the corresponding values of the initial stationary equilibrium.
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sure welfare effects of demographic change in terms of consumption equivalent
variation, i.e., how much compensation in percent of consumption a household
must receive in all periods of lifetime in order to be indifferent between the worlds
with and without demographic change on the aggregate level.'” Based on the ho-
motheticity of the value function, consumption equivalent variation in period ¢

can be measured as

cevy = o7 — 1 (2.24)

where v/, is the lifetime value of a newborn household in the auxiliary world with-

out demographic change on the aggregate level.

Figure 2.8 shows resulting welfare effects of demographic change for all genera-
tions born as of 1960. Again, the birth of a generation occurs when individuals turn
20. As before, the left sub-figure depicts the result for the baseline case while the
right sub-figure belongs to the auxiliary variant of the model in which all human
capital shares in total wealth are held fix at the level of 1960.

Figure 2.8: Welfare Effects of Demographic change
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Source: Welfare evaluation in the baseline model (panel (a)) and in the auxiliary model with fixed
human capital shares (panel (b)) in the main period of projection. Notes: Welfare effects of the
generation born in the indicated year measured as consumption equivalent variation. birth of a
generation occurs when individuals turn 20. Negative values indicate welfare losses from
demographic change. Human capital shares in the auxiliary model are held fix at the level of the
initial stationary equilibrium in 1960.

2We simulate the two model variants using both, identical initial conditions and the identical
50000 time series of aggregate shock realizations.
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The left panel shows that welfare effects of demographic change differ consider-
ably across generations. While generations born after 2005 benefit from the price
effects induced by demographic change early generations, i.e., those born still in
the 20™ century, lose. This can be traced back to the timing of the dynamics of
the returns to physical and human capital which were described in the previous
section. Note that assets play a changing role along the life cycle. While young
households rather own little assets and hold negative bonds for financing human
capital accumulation old households rely on assets as the only source of income.
Consequently, early generations lose from the decline in the physical capital re-
turn as major return changes evolve in the period 2010 to 2030. At the same time,
those generations benefit rather little from rising returns to human capital in the
aforementioned period. This is because they have spent a significant part of their
working life in a period with comparatively low returns to human capital. As a re-
sult, early generations, in particular the baby boomers, suffer from welfare losses
due to demographic change. On the contrary, future generations benefit from de-
mographic change as the aforementioned developments hit them at another point
in the life cycle. A declining risk-free rate at young ages and increasing returns to
human capital, in particular, at middle ages when human capital is at a high level
lead to their welfare gains. Moreover, asset returns start to rise slightly again as of

2030 which affects their capital income in retirement positively.

The right panel of figure 2.8 shows the corresponding welfare effects for the aux-
iliary model variant with fixed human capital shares. Also in this auxiliary model,
future generations benefit from demographic change while early generations lose.
The comparison to the baseline model in the left panel shows that human cap-
ital adjustments mitigate the welfare effects. This mirrors the mitigating effect
of human capital on return dynamics which was discussed above. Note that the
mitigating effect works in both directions. While early generations suffer from
stronger welfare losses if human capital is fixed, future generations benefit from
higher welfare gains. This is an effect already observed by Ludwig, Schelkle, and
Vogel (2012). It shows that, when investing into human capital, each household
faces a trade-off between changes in individual productivity on the one hand and
induced movements in equilibrium market returns on the other. Apparently, there
is a positive net effect for early generations while the opposite is true for future
generations. Look exemplarily at the generations born in the 1960s. They are
already retired by the year 2010 when human capital returns start to rise signifi-
cantly. Consequently, their individual human capital stocks are irrelevant in that

period and, moreover, they are not affected by changes in returns to human capital.
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However, they finance consumption from savings and capital income, and suffer
from declining asset returns. Hence, they are heavily interested in a high human
capital stock of working generations in that period. Again, to state it clearly, the
increase in the equity premium in the auxiliary model with fixed human capital
shares observed in figure 2.7(b) induces positive welfare effects for young com-
pared to old households in that period. This is due to the declining pattern in the
risky financial portfolio share over age as implied by figure 2.2(d).

2.5 CONCLUSION

We ask the question to what extent demographic change of the upcoming decades
will affect financial market prices and in particular the differential return between
equity and bonds in the U.S. We develop a multi-generation OLG model featuring
a linear human capital technology killing three birds with one stone. The three
birds are, first, preserving computational tractability despite a large model with
complex transitional dynamics, second, meaningful asset pricing by accounting for
idiosyncratic risk, and, third, human capital as an important adjustment channel

to the consequences of demographic change as shown elsewhere in the literature.

Our results show that the expected decrease of the average stock return until 2030
is in the order of magnitude of 0.16 percentage points. The decrease of the risk-free
interest rate on bonds is slightly higher such that the equity premium increases
by about 0.08 percentage points. These relatively mild decreases of returns and
corresponding small increase of the equity premium results from an interplay of
three main effects. First, older households on average hold relatively fewer equity
than younger households in the model as well as in the data Ameriks and Zeldes,
2004.” Demographic change increases the size of the old population relative to the
young which drives up the relative demand for bonds thereby increasing its rela-
tive price. Consequently, the equity premium tends to increase. The second effect
is a portfolio adjustment effect isolated in Kuhle (2008) that works in the opposite
direction: Ignoring the first effect, suppose that demographic change would lead
to a decrease of the expected rates of return on both assets by the same amount
(such that the ex-ante equity premium is constant). For a positive equity premium,
then, the percentage decrease of the risk-free rate of return is higher such that the
investor increases her relative portfolio shares of equity. Consequently, the de-

mand for bonds decreases. Hence, the equilibrium decrease of the equity premium

B According to Ameriks and Zeldes (2004) life-cycle portfolio shares do not vary much with age
conditional on participation but participation decreases around the age of retirement.
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is smaller than the first effect would postulate in isolation. Third, and most im-
portantly, endogenous human capital adjustments have a large effect. As societies
are aging, labor becomes a relatively scarce factor and households increase human
capital investments. This increases productivity thereby decreasing the downward
pressure on asset prices. If we instead hold the human capital shares constant, then
the negative effects on asset returns are much larger. In that scenario, the average
stock return decreases by about 0.70 percentage points until 2030 and the equity

premium increases by about 0.27 percentage points.

A welfare analysis shows that the decline of asset returns and the co-incident in-
crease of the human capital return benefits future generations relative to gener-
ations born in the past. Welfare effects show to be mitigated and homogenized

across generations compared to a model with exogenous human capital.

Note that the level of welfare effects in this model is relatively low compared to
what was found in the literature (cf.,, e.g., Ludwig, Schelkle, and Vogel (2012)). This
has two major reasons. First, the absence of a pay-as-you-go pension system re-
duces inter-generational income shifts considerably compared to both, literature
and the data. This leads to an overstating of relative welfare gains of future gener-
ations. Second, this model assumes a relatively high time discount rate, 1/3 — 1.
Accordingly, welfare effects that evolve late in life are strongly discounted reduc-
ing the overall welfare effect of demographic change. This affects, in particular,
welfare of generations born in 20" century when demographic change was less

pronounced.'*

There are various additional interesting dimensions for future research. In this
model there are no direct costs of market participation, neither at the aggregate
nor at the idiosyncratic level. In particular, adjustment costs at the aggregate level
as studied by, e.g., Abel (2003) which endogenize the price of capital might insert
an interesting dimension to the general equilibrium effects of demographic change
in a model of endogenous portfolio choice. Moreover, the correlation structure
between human capital returns and risky asset returns is an important determinant
of the financial portfolio decision along the life cycle and, in turn, the return effects
of demographic change. Accordingly, idiosyncratic entrepreneurial risk as studied
by, e.g., Angeletos and Calvet (2006) and Angeletos (2007) would be an interesting

extension to study.

YThe latter result is affected by the assumption of a stationary demographic characterization of
the economy until 1960 which results from the lack of adequate data on much earlier periods.
However, fertility rates start to deteriorate, considerably, with the invention of the birth control
pill, primarily by the mid of 1960s.
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APPENDIX 2.A THEORETICAL APPENDIX

2.A.1 SorLuUTION OF THE HOUSEHOLD PROBLEM

We hereafter define recursively the household problem conditional on a law of
motion of the aggregate state of the economy. It is convenient to express next pe-
riod’s values with symbol’, irrespective of whether they are only time-dependent
or both, age- and time-dependent. The states of the household problem are the
exogenous states j, ¢, and A, the endogenous idiosyncratic states k and h, as well
as the endogenous aggregate state of the economy, I', which is the distribution of
physical capital, k, and human capital, 7, among households. The associated law
of motion is IV = ®(I", A\, X', N’). The household problem at age j in period ¢ is
then given by

~

v(k,h, \;T) = c,orégihx,k/ {c# + - (]E[g (K, RN F/)pe])%}l—e
subject to (2.25)

k,:k’(1+Tf+068'(TS—T‘f))—l—h-rH_Z'h_c

W= (1= 8 ) + 7

ho >0, ko = 0 given

I"=®T,\XN,N'), N’ given

7(N' ] A), Ao given.

n ~D(0,0°(\)).

The expectation E above is taken with respect to the realization of tomorrow’s
aggregate state A’ conditional on state \ today and the realization of tomorrow’s
idiosyncratic shock, 7. Note that \" determines the shock to technology, 2/, the
shock to physical capital depreciation, 6, and the variance of the idiosyncratic

human capital depreciation shock, o2’

In the following, we transform the household problem and derive the first-order
conditions of its solution. We start with de-trending the accumulation equation

for financial assets, (2.8), leading to:

1 ~ ~
k/:m-</~{:-(1—|—Tf—}—045-(T’S—Tf))—{—h-fH—ih—5)

where, e.g., 71 = i /T,
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Let’s combine the de-trended accumulation equation for financial assets with the

human capital production technology given by equation (2.7)."” Thereby we get:

~ 1 ~
k,:m(k(1+rf+Oés(Ts—7’f))+th

+h-(1—5h+n)—h’—5)

- 1 1 - h -
K+—>"N ((k+ -1+ +k-at (rf = 1))

I+yg :1+g' l+g
h ~H h f ~
(g 4 1= 8" ) = (Lr ))—c)
Define @ := k + ﬁ - h as total (de-trended) wealth, we get:

1
~/:—‘ ~.1+/\_~
0 = o @ (147) =9

where 7 := rf + &% - (r* — rf) + a" - (7" — r/) is the transformed net return
on the total portfolio in period ¢, age j, and o := k- ol o, ol = ﬁ/ﬁ), and
i=1+g)-FF+1-86"+n) —1.

Let Z := w - (1 4+ 7) be total resources, or, alternatively, “cash-on-hand” (Deaton,
1991). It follows that

Next, we transform the utility function into a de-trended version
u=[c7 + 8 (Bl )r]e
(X555 4 B (Ele- X @)

1—

el

[

;_%
N
Il

Sl

1-0

+ 3 (E[d"'])7] 77 where B =B <7 - (1+¢) 7,

N
I
o

-|

and finally state the de-trended household problem in period ¢, age j as:

(@ AQ) = maz {7 + 5 (ER(@ N, Q)7 }
1
st.i'=——-(&—2¢)-(1+7), &y > 0 given
14+g¢ ( ) ( ) 0 g

Q' =d(Q,\N,N'), N'given

15 Again, human capital must be trend stationary in order to assure that gross human capital earn-
ings, hy ; - rfl , grow at the same rate as Y; over time.
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7(N' | A), Ao given
0~ D(0,0*(N)).

Note that 2 is the distribution of (de-trended) wealth, w, among households with

associated law of motion ®(-). €2 follows directly from the transformation of I'.

In what follows, we prove that the optimal household policy functions are given

by proposition 1.

Proof. We guess that v = m'- 7 where [ is some parameter to be determined below
and m is the marginal propensity to consume out of # and show below that this is

indeed true. From the guess it follows that

1— -~ 1 o 1
v=_mar {&7 +B-(Blm" &) ")} st ¥ = T a0
_ A5G B0 (G e (1))
v= maz (&5 45 @0 (- (E ) (L4 7) 7))
=0 1 -~ w2 1 AN\ 1-01V 2 25
v=mar (&5 (@ -2) T BBl (1) )

Next, we compute the first-order conditions (FOCs) with respect to ¢, a*, a™:

« FOC with respect to consumption:

0= {7 + (g @ =)' B Bl (14 7))y
A - s ()
(E[(m" - (1+ 7))}
¢=(i -7 gjgw?% B - (Bl(m - (1+ 7)) =0
Defining n := B0 - (E[(m" - (1 + 7)) 707, 0 := (Flg)%’ and
m = li’gn, we get
c=m-x
« FOC with respect to stock portfolio share:
o:T%545f+wT$5«f—aff-BwEWM-u+ﬂ»P%ip%*
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1

(B[ - (1 7))

.(ﬁ.(;{;_{;))lf B
-E[m’l'(lfe) (1-06)-(1+ 7¢v>—9 . (rs/ . Tf/)]

0 :E[m/l.(l—e) . (1 + ;:/)—0 . (’I"SI . Tf,)]

2 |

« FOC with respect to human capital portfolio share:

Y ~1=0 1 =0 = / AN\ 107\ 25 -1
O=7—5 1¢7 +(m (@—2) 7 -3 (E[m"- 1+7))])7}
(s @G=e)'S B Bl (1+7)) )3

.E[m/z.(l—e) . (1 _ 9) . (1 + ;y)—e . (?h/ B rf/)]
0 =E[m" =0 (14+7)7 - (7 — /)]

What is left is to show that indeed v = m! - 7. Using¢c = m-2,n = B\l—g—w

(E[(m" - (1+ 7)) ==, m = (22 and 0 = (11) =7 inu we get:
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Hence, v = m! - & where | = 1;3;7. Plugging this into the FOCs yields:

1-60—~

Defining p := E[(m' ¢ - (1 + 7"))'7?], the marginal propensity to consume
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equals:
_— 0-n (ﬁ) 1igfw Bl—g—w pl—é—’y
l1+o0-n 1 +_(Tig)1—e—y Z§1—g—w 891—é—7
— 1 1-6 1

. g
L4 () P05 (8- 61y (14 )75 - o
1 1 1
(B-gr)=o=7 - pro (B¢ p)T=o-

2.A.2 DERIVATION OF THE AGGREGATE RESOURCE CONSTRAINT

Deriving the aggregate resource constraint, first we take the population weighted
sums of the (de-trended) individual budget constraints and the individual human
capital accumulation constraints in period ¢ (cf. equations (2.8) and (2.7)) and add
them up. Note that it is understood that we sum over all individuals of each age bin
characterized by the idiosyncratic mean zero-shock 7 without making this explicit.
We then get

J
(1+g) Z Nij - k141 + Z Nij - hiyij+

0 §=0

J J
:ZNt,j k- (1 —i—T,{[ +ag ;- (rf —r{)) +2Nt,j . ht,j'f{{

7=0 7=0

J J
— ZNt’j : 6,5,]' + ZNt,j : ht,j ' (1 - 5;1)
§j=0 Jj=0

J J J
(1+9) Z Nij - k1441 + Z Nij - Stjhirijo + Z Nij - (1 =6t5) - hey1ja

j=0 7=0 7=0
+Niv1,0 - hiy1,0 — Negro - heyio
J
_ 1 f s s f
= E Niajo1-S-1j1-kej- (L+r +ai,; - (rf —1]))
=1
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J
+Y Nejor - (L= qmrg) kg - L+l +of, - (] = 1))
=1

J
— Z Nivjo1- (L —go1yo1) - key - (1 + 7"{ +ai; - (rf — 7{))
=1
J J
+Y Nl (L7 =60 =Y Nij -y
j=0 Jj=0

J J J
(1+g9) Z Nij - kg1 41 + Z Nig1j - hevrj + Z Nej- (L —=65) - hig1jsr

=0 =0 =0
J ) J )
= Z Ni1j1 - key+ Z Nevj1-kej- (th +aj; - (rf — r{))
j=1 Jj=1
J ~
- Z Nijor- (L= Gorjor) kg - (L+1] + g (rf — )
j=1
J J
+ Z Nyj-hiy-(L+7 = 5?) - Z Nij-Crj+ Ney1o - hegio
J=0 j=0

(1+ 9)'Kt+1 + Hiq
:Kt—i-kt'rf(—i-Ht—f—Ht'?ZtH—ét—ét

J J
o Z Nej - (1 =5) - heyrjrn + Negro - Pegro — Z Nij-hej- 5?

j=0 7=0

or, finally,
Vi=C+ G +IK+ 1! (2.26)

where we used equilibrium conditions summarized in 2.2.8 as well as K1 = K-
(1—6f)+ I and I1, = H;, + I}'. Note that I is the aggregate of gross human
capital investments defined as: I}' := I/ — Ny 10 hys1o+ ZLO Npj-(1—g)-
hi1 41+ Z;}:o Nij-hej- 5?~

APPENDIX 2.B COMPUTATIONAL APPENDIX

Numerical computations are implemented in Fortran 90 using routines which are
partly based on Press et al. (1996). If not otherwise stated the convergence criterion
of a root finding algorithm is set to 107% and the weight on resulting variables in
the updating step of a Gauss-Seidel algorithm (cf,, e.g., Ludwig (2007)) to 10%.
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2.B.1 NUMERICAL SOLUTION

We solve an approximate rational expectations equilibrium by adapting the com-
putational method developed in Krusell and Smith (1997, 1998) to the case of transi-
tional dynamics with time-varying aggregate laws of motion due to a time-varying

demographic distribution, N. Therefore, we follow the approach in Geppert (2015a).

The solution of the model begins in year 1960 (t = 0) in which we assume a fix
demographic distribution leading to an artificial initial stationary equilibrium. We
redo the exercise in year 2500 (¢! = 7") with a fix demographic distribution of year
2100. Aggregate laws of motion (ALOM) in those stationary equilibria are assumed
to be linear functions of a small number of moments of the endogenous aggregate

state. They are specified as

Ink = ”’0 + gzﬁ”’l ‘InK + qbff ‘Ink + qﬁﬁ’s -G (2.27a)
=gy + G MK + 65 Ik + )% S (2.27b)

where x := K /H is the (de-trended) capital-human capital ratio,  := E[r*] —r/’
is the ex-ante equity premium, and " indicates the next simulation step. Note that
the ALOMs depend on both, time and the exogenous aggregate state. We deter-
mine the coefficients in the ALOMs by Monte Carlo simulations, further described

below.'

In the main step of the procedure, we compute the (stochastic) transition of the
economy from the initial to the final stationary equilibrium which is induced by the
exogenous deterministic dynamics of the demographic distribution between 1960
and 2100. The standard brute force approach would be to assume a separate law of
motion (2.27) for each time period in the transition.'” Instead, we follow Geppert
(2015a) and specify parameterized laws of motion for the transition by multiplying

the coeflicients of the stationary equilibria with time polynomials using ideas from

18Note that, in a narrow definition, the ALOMs consist only of (2.27a). & does not belong to the
aggregate state variables because it can be derived contemporaneously from 2. We follow
Krusell and Smith (1997), Storesletten, Telmer, and Yaron (2007), Harenberg and Ludwig (2015),
and others and assume a law of motion for & in order to avoid solving for the bond market
equilibrium in all future states of the world in the determination of policy functions. Basically,
the latter would be feasible but causing tremendous computational costs.

7The advantage of this approach compared to the brute force approach is discussed at the end of
this section.
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Judd (2002):
Inrkyp = exp(— Z¢ Pm i
+ (1 — exp(— Z ngT/\ yt (2.28a)
where 3! € {1,1n K, In Ky, \St};
In By4q —GXP Z%X P;l ) i

+ (1 —exp(— Z ng vy (2.28b)
where 3! € {1,In K, In k1, \st}.

Here, /' is the coefficient that determines the speed of convergence of the law
of motion of variable i € {x, 3} to the corresponding law of motion in the final
stationary equilibrium of the economy. Py (t) for alli € {x,S},1 € {0,1,2,3},
and A € L, are flexible global time polynomials of Chebyshev’s first kind writing

as:
Pyt Z PR Tt (2.29)

where T0(t) = 1, THt) = t, TI(t) = 2t - T4 H(t) — T9%(t) for all ¢ > 2,
and n, is the order of the polynomial. We determine the coefficients in the time

polynomials by Monte Carlo simulations, further described next.

In analogy to Krusell and Smith (1997, p. 404) and Gomes and Michaelides (2008),
we employ the following algorithm for the determination of the coefficient vector
®.'"® Note that ® contains the coefficients of the ALOM (2.27) in t in the case of
solving for the stationary equilibrium in period ¢ (i.e., t; = to = t). Meanwhile
® contains the coefficients of the time polynomials in (2.28) given by (2.29) in the

case of the transition (i.e., t; = land t, =T — 1):

1. Build grids for s, K, and 3"

18Note that, for the sake of simplicity, we use the same symbol, @, for denoting the actual ALOM
and its approximating coefficient vector.
YWe build grids around the solution of the Mean Shock Equilibrium (MSE) which assumes aggre-
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2. Draw M* series of MP aggregate shock realizations where M4 = 1 in the
case of a stationary equilibrium while //? = T — 1 in case of the transition.
3. Iterate on the vector of coefficients ¢ until convergence (fixed point itera-
tion).
a) Choose an initial guess for ®.%
b) Solve the household problem (2.9) for policy functions (m, &", @) from
t =to, ...t atall (\, ) and (k, K, S) of the respective grid. Therefore,
use (2.27) respectively (2.28) and the exogenous law of motion for A in
order to make expectations on (x/, 3') and to determine (r*,r/’, ).
Store the policy functions.
c¢) Simulate the economy M4 - M? times.
i. Determine A4 ,,5.
ii. If m® = 1 choose initial (v, K, S, r/)?' otherwise use
(f;/ , l:( 'S, i )mB_1 of the previous iteration step.
iii. Iterate on < until the bond market clears.
A. Interpolate on the policy functions with respect to (k, K, S).
B. Determine 7* and r*! using (2.2).
C. Aggregate and determine (x/, K ) as well as the aggregate ex-
cess demand on the bond market.
iv. Store (r/, I:(’, ).
d) Discard the first M? of MP periods whereof MP = 0 in case of the
transition. Determine @ by running regressions using
{{%, l:(, @}%EZMDH}%::I together with (2.27) respectively (2.28).
e) Update the coefficient vector according to "¢ = ¢ - §°ld 4 (1 — ) - &

where 0 < ¥ < 1 is an arbitrary adjustment factor.

We select second order time polynomials in (2.29) and use M? = 82500 and
MP = 7500 for the stationary equilibria as well as M“ = 5000 for the transi-
tion. Note that while the coefficients of the laws of motion of the alternative brute

force approach would be identified solely by cross-sectional variation, those of the

gate uncertainty to realize at its unconditional mean while otherwise fully accounting for the
stochastic feature of the model. Please see section 2.B.2 for more detailed information.

20We use the solutions of the MSE in order to choose the initial coefficient guesses. For the ini-
tialization of the transition we run non-linear regressions of (2.28) given the mean shock path,
{QM}2 This yields rates of convergence speed, v and v, and initial guesses for the coeffi-
cients in (2.29).

21We use the corresponding MSE values in case of a stationary equilibrium respectively a random
realization of the initial stationary equilibrium in case of the transition.
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time polynomials are identified also by time variation. Accordingly, this method
requires a much smaller number of simulations M“ compared to the brute force
approach.

After convergence, the Euler equation errors of households are small with a max-

imum error of 0.005 while R? of all regressions are higher than 0.985.

2.B.2 MEgAN SHOCK EQUILIBRIUM

As an initialization step, we solve for a degenerate path of the economy where the
realizations of all aggregate shocks are at their respective means. We accordingly
set A = (2,6%) to A\ = (2,0K) = (E[z], E[0%]). We assume that households
accurately solve their forecasting problem for each realization of the aggregate

state. This means that we approximate the above approximate law of motion as

(K, S') = B(t: 1, K, 3,3, X) (2.30)

Observe that in the two stationary equilibria of our model, that is in periods ¢ = 0

and t = T, respectively, we have the fixed point relation

(1, S) = dt; 5, K, S, 0 N) = (5, ) (2.31)
With these assumptions, we can solve the mean shock path by standard Gauss-
Seidel iterations as, e.g., described in Ludwig (2007). That is, we first solve for the
steady state equilibria in periods ¢ = 0 and ¢ = T, respectively, and then com-
pute the transitional dynamics between those steady states. While the numerical
methods are the same as in the solution to a deterministic economy, the actual be-
havior of households fully takes into account the stochastic nature of the model.
The fixed-point computed in this auxiliary equilibrium gives x;/, KtM, and M as
aggregate moments and cross-sectional distributions of agents as induced by the

mean shock path. We denote these distributions by QM.

The employed algorithm of the MSE determination iterates on the vector of aggre-
gate (state) variables {«, %}if until convergence (fixed point iteration) as follows.
Again, t; = ty = t in the case of a stationary equilibrium while ¢; = 1 and

to, = T — 1 in the case of the transition:
. ¢
1. Choose an initial guess for {x, 3};>.

2. Solve the household problem (2.9) for policy functions (m, a", @*) from t =
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ta, ..., t1 for all (), j) of the respective grid.*
3. Iterate forward in time for ¢ = ¢y, ..., t5 and iterate in each ¢ on < until the
bond market in ¢ clears:
a) Choose an initial guess for .
b) Update the policy functions (m, &", @*) at t for all (), j) of the respective
grid.
c) Aggregate over all households in the mean shock state by interpolating

on the policy functions and returns. Determine #’ and the aggregate

excess demand on the bond market.
4. Update {x, S}? according to {x, S} = 9-{x, %}EOld—I— (1—)-{&, @}if

where 0 < ¥ < 1 is an arbitrary adjustment factor.

22This step is not executed in case of a stationary equilibrium as step 3b solves for policy functions,
anyway.
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Computing Transitional Dynamics in
Heterogeneous Agent Models with
Aggregate Risk by Parameterized Laws
of Motion

3.1 INTRODUCTION

Macroeconomic analyses uses increasingly heterogeneous agent models with ag-
gregate risk. I develop a solution method to compute the (stochastic) transitions
of such economies if these transitions are induced by exogenous deterministic dy-
namics such as, e.g., a fundamental tax reform. Assuming that households fore-
cast the evolution of aggregate variables by applying an aggregate law of motion
as suggested by Krusell and Smith (1997, 1998) such a transition induces time-
dependency of the aggregate law of motion. I here suggest a straightforward way
to parameterize this dependency on time. My method is particularly easy to imple-
ment and combines ideas from Krusell and Smith (1997, 1998) with those of Judd
(2002). The implementation of the method involves the following key steps:

First, I assume an initial and a final stationary state in periods ¢t = 0 and ¢t = 7" re-
spectively in each of which the exogenous deterministic process is time-constant.
I solve for the aggregate laws of motion in those two stationary equilibria sepa-
rately by applying the standard Krusell and Smith (1997, 1998) methodology. In
the main step of the procedure, I specify parameterized laws of motion for the
transition phase, t = 1,...,7 — 1, by multiplying all coefficients in the stationary
equilibria with time polynomials. Thereby, I generalize ideas developed for the pa-
rameterization of deterministic time paths by Judd (2002) to the parameterization
of laws of motion. I determine the values of the polynomial coefficients of these

augmented laws of motion by simple regressions using the endogenous aggregate
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state variables of M 7% stochastic simulations of the model along the transition.

The major advantage of the new method is a particular small number of coefficients
to be determined, depending on the degree of the employed polynomial. In the
alternative standard brute force Krusell and Smith (1997, 1998) approach, in which
each period in the transition features a separate law of motion, the coefficients of
the laws of motion are identified solely by cross-sectional variation. Meanwhile,
the coeflicients of the time polynomials are identified by both, cross-sectional and
time variation. Accordingly, the new method requires a much smaller number of
simulations of the economy along the transition than the alternative brute force

approach.

I illustrate the method using an overlapping generations (OLG) model with ag-
gregate shocks in which a fundamental tax reform induces transitional dynamics.
The set-up is extremely simple and features analytical solutions of the household
problem. This is particularly useful when evaluating the accuracy of the method
as all errors stem from approximations at the aggregate level of the model. How-
ever, these simplifications are without loss of generality of the method and, as I
further discuss, the extension of the approach to more general models is straight-
forward. The quantitative experiment reveals a substantial reduction of total com-
puting time by about 40% compared to the brute force approach. Euler equation
errors as well as errors from one-period ahead and multi-periods ahead predictions
of the aggregate state variable are very low and similar in size to the brute force

approach.

There are various techniques to solve heterogeneous agents models with aggre-
gate uncertainty. A good overview is given in Algan et al. (2014). Some of them,
like Preston and Roca (2007), use only perturbation techniques while others, like
Den Haan (1997) and Den Haan and Rendahl (2010), focus on projection meth-
ods. Meanwhile, Den Haan (1996), Krusell and Smith (1998), Algan, Allais, and
Den Haan (2008), Reiter (2009), and Reiter (2010) merge several techniques. Den
Haan (2010b) compares the different algorithms in terms of accuracy and comput-
ing time. The most prominent approach stems from Krusell and Smith (1997, 1998).
The basic idea is to summarize the cross-sectional distribution of capital by a finite
number of its moments and to set up a linear law of motion in these moments.
Parameters of that function are determined by Monte Carlo Simulations of the
model. The aforementioned literature has in common that it focuses on station-
ary economies. The most simple way to extend the Krusell and Smith (1997, 1998)
method to economies under transition would be to set up a time-independent lin-

ear law of motion of the type described above. However, approximation errors are
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likely to rocket. Another straightforward option is to set up a time-dependent law
of motion, for each period in the transition separately. This is what I call the brute
force approach described above. Evidently, approximation errors should be low
but the numerical implementation is tremendous for more complex models. On
the contrary, this paper introduces time-dependency of the aggregate law of mo-
tion in a parametric and potentially non-linear form. It mirrors the approach taken
by Judd (2002) in a dynamic deterministic infinite horizon economy. He proposes
to make use of the special structure of many equilibrium time paths by assuming

that the dynamic path of endogenous variables is some explicit function of time.

The newly developed method in this paper does not require other assumptions
than the Krusell and Smith (1997, 1998) method to work. In this sense it is neither
more nor less general than that. Both assume that the cross-sectional distribution
of, e.g., wealth can be approximated by a small number of its moments. Applica-
bility of the method has to be evaluated on the basis of resulting approximation

errors in the respective case.

The remainder of the analysis proceeds as follows. Section 3.2 describes the details
of the solution method. Section 3.3 presents the model used for illustrative pur-
poses while section 3.4 contains the details on its quantitaive application. Results

are presented in section 3.5. Finally, section 3.6 concludes.

3.2 SoLuTiION METHOD

3.2.1 CLASS OF MODELS

I develop a solution procedure for a particular class of heterogeneous agent models
with aggregate shocks in which transitional dynamics are induced by exogenous
deterministic processes, e.g., by a fundamental tax reform, deterministic trends in
productivity or demographic change. Those deterministic processes might come
as fully anticipated shocks at some period sufficiently far in the future or as sur-
prise shocks, i.e., zero probability events as considered in numerous studies on
the effects of fundamental tax reforms. Heterogeneity may come in the form of
intra-generational heterogeneity, e.g., due to idiosyncratic income shocks, inter-
generational heterogeneity in age (as in standard OLG models) or a combination of
both forms. Time in these models is discrete and runs from ¢ = 0, . . . , co. The com-

putational solution of the model economy is only up to some period 7' < oo where

81



Chapter 3 Computing Transitional Dynamics in Heterogeneous Agent Models

a stationary equilibrium is assumed and verified. Initialization of the model econ-
omy in period 0 is assumed to be given by a stationary equilibrium. Aggregate un-
certainty is represented by an event tree. The economy starts with some fixed event
29, and each node of the tree is a history of exogenous shocks 2* = (zg, z1, . . ., 2¢).
The shocks are assumed to follow a Markov chain with finite support Z with 7.
elements, strictly positive transition matrix II, and marginal distribution, Z. z de-
notes the corresponding exogenous state variable. Throughout, I also assume that
quasi-aggregation applies so that it is possible to describe the aggregate dynamics

of the economy by means of a small number of aggregate state variables.

Equilibrium in this class of models is defined as a sequence of factor prices and
allocations such that markets clear while optimal decisions and aggregation condi-
tions have to hold in all periods, given the exogenous deterministic and stochastic

processes.

3.2.2 PARAMETERIZED LAwWS oF MOTION

I start by considering the specification of aggregate laws of motion as in Krusell
and Smith (1997, 1998). Assume that, in the initial stationary equilibrium the state-
2 dependent law of motion for the endogenous aggregate state variable y;, i =

1,...,ny is given by

ng  Mp
Y11 = ¢ii0(0,2) + Z Z Gi1p(0,2) Y41y (3.1)

=1 p=1

This law of motion is the actual aggregate law of motion of the economy up to
period 0. In this notation, the various sub-indices and arguments read as follows:
Coeflicient ¢;,,(0, z) is the effect of variable [ on variable ¢ in period 0 and state
z at lag p. It is the respective constant for p = 0 and [ = 7. Notice that I do not
consider higher order terms or interaction terms at each time lag p in the above
specification but such generalizations are of course possible. Also notice that most

applications of the standard Krusell-Smith method restrict n, = 1.
Correspondingly, the law of motion in the final stationary equilibrium reached

after 7" periods is assumed to be given by

np  mny

Iy = ¢iio(T,2) + Z Z Giap(T,2) - Y1 (3.2)

p=1 I=1
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Along the transition in the periods t = 1,2,...,7 — 1, I borrow ideas from Judd

(2002) and consider parameterized laws of motion using a trans-log function:
Iny; 11 = exp(—u,» : t)

p Yy
: (@,@0(0, z) - Piio(t,z) + Z Z Giip(0,2) - Piip(t, 2) - In yl,t+1—p>

p=1 [=1

+ (1 —exp(—v; - t)) - (¢i,i,0(T, z) + Z Z Gi1p(T,2) - In yz,t+1—p>

p=1 I=1
(3.3)

Here, v; is the coefficient that determines the speed of convergence of the law of
motion of variable i to the law of motion in the final stationary equilibrium of the
economy. P, ,(t, z) are flexible global time polynomials of Chebyshev’s first kind

writing as:
Pyp(t, z) = Z Vigpa(2) - To(t) (3.4)
q=0

where To(t) =1, Ti(t) =t, Ty(t) =2t Ty-1(t) — Ty—2(t) Vg > 2, and n, is the
order of the polynomial.

3.2.3 IMPLEMENTATION STEPS

The solution procedure targets at determining the coefficients in (3.1) — (3.4) using

Monte Carlo methods and quasi-aggregation.

As an initializing step it involves the solution of the equilibrium of a degenerate
version of the model which I refer to as the mean shock path. More precisely, the
equilibrium results from a degenerate stochastic shock process where all shocks,
{2}, are set to their respective unconditional means. The solution for this path
is by standard procedures and easy to implement. It does not require the solution
of policy functions on grids for the aggregate endogenous state variables because
their evolution is assumed to be known to the agents. However, of course it re-
quires the solution of the policy functions on the exogenous states ¢, z, and j. This
means that I use the policy functions of a stochastic economy but consider a de-
generate sequencing of events for the actual shocks which allows me to solve for

an initial and a final steady state and the transition in-between. In the case that the
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unconditional mean of z, E[z], is not an element of Z this requires interpolation of
policies on z in the aggregation step. This applies to standard finite state Markov
processes with n, even. Notice that, using the mean shock path instead of the de-
terministic path of the economy means that I fully account for the effects of risk
on the agents’ decisions. For example, I account for the effects of precautionary
savings on the aggregate capital stock which shifts its entire time profile upward

relative to the deterministic model version.

The following list provides details on the full solution procedure:
1. Mean Shock Path:

Solve for the initial and final steady states and the transitional dynamics
between them of an economy with a degenerate shock process where all
shocks are set to their respective unconditional means given by E[z] = ZoZ,
where o denotes the operator symbol for the Hadamard product. I refer
to the resulting time path of the endogenous aggregate (state) variables as
{y yi Yo foralli = 1,...,n; and [ = 1, ..., ;. Solution of this path is by
the assumption that the aggregate laws of motion along are exactly known
to the households.

2. Time Dependent Grids:

Determine time specific grids, G ; for all variables y;, 7 = 1, ..., n;, by speci-

fying appropriate bounds around {y/%'}{_,.
3. Stationary Equilibria:

Apply a standard Krusell and Smith (1997, 1998) method to determine the
coefficients, ¢;;,(0, z) and ¢;;, (T, z), for all 4, [, p, 2, of the aggregate laws
of motion in the initial and the final stationary equilibrium respectively. I
do so by M*9 stochastic simulations of each stationary equilibrium and by
fixed point iterations to pin down the coefficients using standard first- or

second-order methods.

4. Rates of Convergence Speed:
Given ¢;;,(0, z) and ¢;;,(7T’, z) for all 4,1, p, z, determine the rates of con-
vergence speed, v;, in the laws of motion (3.3), for all 7, by non-linear re-

gressions using the mean shock path, {y;%/, 4/ }/_, for all i and [." Note that

this also yields coefficient estimates of the time polynomials, v ;, ,(z) for

In the quantitative experiment of section 3.4, I use a scaled version of the mean shock path
exploiting information from the stationary equilibria determined in step 3 of the procedure.
Please see appendix 3.B.1 for details.
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3.2 Solution Method

all 7, [, p, q, z, which I use as an initial guess of the next solution step.
5. Transitional Dynamics:

This is the key step of the procedure. Given ¢;; (0, 2), ¢;1,(7’, 2), and v; for
all 4,1, p, z, solve for the coefficients, ¢;;, ,(z) for all 4,1, p, ¢, 2, of the time

polynomials in equation (3.4) by the following procedure:

a) Given);,,(z)foralli,l,p,q, z, solve the policy functions at all points

in the grids G, ; for all [, £.

b) Simulate the economy MT% times along the transition of T-1 periods
and obtain {y;;}L | for all i and {y;,}/ ' for all /.

c) Regress {y;;}1, on {y,;}{-, according to equation (3.3) and obtain
Vit pq(2) forall i, p,q, 2.

d) If || Yi1pq(2) — Vispq(2) || < € where € is some convergence criterion,
stop. Else, update v;;,, ,(2) in step 5a using standard first- or second-

order methods for fix point procedures.
6. Error Evaluation:

Given the policy functions at all grid points determined in the precedent step
evaluate the approximation errors in M stochastic simulations along the
transition. Compute Euler equation errors as well as prediction errors of the

aggregate variables y; ; for all periods ¢ and report the maximum errors.”

3.2.4 COMPARISON TO BRUTE FORCE APPROACH

The most obvious alternative approach to assuming parameterized laws of mo-
tion in time given by equation (3.3) is a brute force Krusell-Smith approach. This
is an extrapolation of the Krusell-Smith method from stationary equilibria to the
transition phase in the sense that each single periodt € (1,2, ...,7'—1) of the tran-
sition is characterized by a separate aggregate law of motion (cf. (3.1) and (3.2)). In
the following, I discuss both, the properties of and the conditions for parameter-
ized time laws to be particularly useful in comparison to the brute force approach.
Henceforth, I call the former approach PTLM and the latter BFKS.

Implementation of BFKS follows the same steps® as PTLM (cf. section 3.2.3) with

2A detailed description of the error evaluation will be given in section 3.4.2.

Note that while step 4 is not strictly necessary in the BFKS procedure it implicitly determines
the coeflicients of the aggregate laws of motion of all time periods in the transition. As compu-
tational costs of step 4 are negligible and for the sake of valid comparison to PTLM I use those
coeflicients as an initial guess in step 5 of the BFKS procedure.
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the fundamental difference being the number of coefficients to be determined by
step 5 of the procedure. BFKS involves the determination of one coefficient (¢; ; (¢, 2))
for each i, [, p, z, and t, amounting to (n; X n; X n, X n, x T — 1) coefficients,
while PTLM implies one coefficient (¢, ,(2)) for each ¢, [, p, z, and q, i.e. (n; X
ny X ny, X n, X n,) coefficients. Note that, in general, (n; x ny X n, xn, x T'—1) >
(n; X my X ny X n, X n,) due to the large number of periods in the transition®,

T — 1, compared to the rather small order, n,, of the polynomials.

There are two sources of potential differences in computing time across the two al-
ternative approaches: 1) The number of simulations, M TR ysed in step 5b and, 2),
the number of iteration steps until convergence in the coefficients in step 5d in the
previous section. As I will show for an illustrative example in section 3.5, the main
advantage of PTLM compared to BFKS lies in source 1) making it eminently use-
ful in applications where simulation of the model is particularly computationally
costly. The smaller number of simulations needed is possible due to the aforemen-
tioned smaller number of coefficients to be determined by PTLM. Imposing iden-
tical degrees of freedom in the regression step of either method, a smaller number
of coefficients affords a smaller number of total observations which translates into

a smaller MTE,

3.3 MODEL

This section develops the model economy used for illustration and evaluation of
the PTLM method in section 3.5. I consider a particularly simple setup with inter-
generational heterogeneity only in which an analytical solution for policy func-
tions exists. Thereby, errors of approximation of the rational expectations solution
arise solely from the aggregate level by parameterized laws of motion and inter-

polation which is not related to the specific details of the economic model.

3.3.1 ExoGENOUS SHOCK PROCESS

There is only one shock in the economy, a productivity shock z that follows a
time invariant Markov chain with transition probabilities 7(z’|z). I consider two

realizations of the shock, z € {z, z;, }.

*The number of periods in the transition, 7' — 1 is set exogenously such that convergence of the
coeflicients to the final stationary equilibrium is assured. It does not vary by method for the
sake of valid comparison.
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3.3 Model

3.3.2 DEMOGRAPHICS

Households enter the model at j = 0 and live (without mortality risk) until some
maximum age J. Hence, the economy is populated with J + 1 overlapping gen-
erations. All generations have equal size and the total population is constant in
time, i.e., Ngo= Ny = ... = N forall ¢.

3.3.3 PropuUCTION

Production takes place with a non-standard production function where capital is
the only input:

K, is the aggregate stock of physical capital, 0 < a < 1 governs decreasing

marginal productivity of capital.

Assuming that capital depreciates at the rate 6%, profits are given by
B =Y, —(r +0") Ky =2 K} — (r] +6%)- K, (3.6)
and profit maximization implies that
rE=a-z - KO — 6%, (3.7)
Equilibrium profits are accordingly given by

Et:(l—@)'zt'Kta. (38)

3.3.4 PREFERENCES

The life-time utility function of households is given by

J

B Y B ulcy) (3.9)

=0

where E is the expectations operator and expectations are taken with respect to
the technology shock z. 3 is the raw time discount factor and ¢, ; is consumption

at time ¢, age .
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The per period utility function is CRRA, hence

c;’ if0#£1 (3.10)

1
u(c;) = 1-0
Y In(c;) ifg=1

where 0 is the coefficient of relative risk aversion.

3.3.5 ENDOWMENTS

When entering the economy at age ;7 = 0 households are endowed with no initial
assets, i.e., k; o = 0 for all periods ¢, but, unlike all other generations, they receive a
transfer from the government which is financed by taxing profits at a confiscatory

rate’,

et =~ (3.11)

The dynamic budget constraint and the respective transversality condition are

given by

Fiyije = kej- Re+ ey — ¢ (3.12)
ktj:1=0 (3.13)

, where R; := (147 (1—7/)) is the gross after tax interest rate and 7/* denotes

the capital income tax rate. Note that e; ; = O forall j € (1,2, ..., J) and all £.

3.3.6 RECURSIVE HOUSEHOLD PROBLEM

I define the household problem recursively conditional on a law of motion of the
aggregate state of the economy. Rather than using k; ; as the individual state vari-
able, it is convenient to solve the household problem in terms of total resources
available. Let x; j = k; j - R, ; + e, ; be total resources, or, alternatively, “cash-on-
hand” (Deaton, 1991). Observe that then®

T j+1 = (Tej — cry) - Revajo1- (3.14)

I express next period’s values with symbol’, irrespective of whether they are only

time dependent or both, age and time dependent. The states of the household

>Please note, that e; o is not part of the capital stock, K.
SPlease note that this expression holds for all j € (0,1, ...,J) ase;; = Oforall j € (1,2,...,J)
in all periods t.
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problem are the exogenous states ¢, j and z, the endogenous cash-on-hand of the
household, z, as well as the endogenous aggregate state of the economy, €2, with
associated law of motion 2’ = ®(£2, z, 2’). The household problem in period ¢, age

j is then given by
v(x; 2,1, ; Q) = max {u(c) + 8- E[v(a"; 2", t + 1,5 + 1; Q)]} (3.15)
subject to

v'=(@—c) R =(@—c) (1+r" - (1-7Y))
Q' =09,z 7).

The expectation [E above is taken with respect to the realization of tomorrow’s

productivity shock, 2.

Using standard results, cf., e.g., Samuelson (1969), I can next state the following

property of the optimal consumption policy functions:

Proposition 2. The optimal age-dependent consumption function is linear in cash-

on-hand,

whereby the marginal propensity m to consume out of cash-on-hand x is given by

1
L)
m = % , where o :=E[m' " R
L+ (B-9)7
Proof. See section 3.A.1 in the appendix. [

The linearity of consumption in cash-on-hand results from the homotheticity of

preferences and greatly simplifies the numerical solution of the model economy.

3.3.7 GOVERNMENT

The role of the government in this model is twofold. First, the government taxes
profits at a confiscatory rate and redistributes them to newborn households in

a lump-sum fashion, cf. equation (3.11). Second, the government taxes capital
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income thereby financing government consumption,
J
Gr=7 1 k- N (3.16)
=0
which is otherwise neutral.

3.3.8 EQUILIBRIUM

Equilibrium in the economy is defined recursively and requires market clearing
in all periods, while optimal decisions and aggregation conditions have to hold.
Individual households, at the beginning of period ¢ are indexed by their age 7 and
their cash-on-hand holdings x. As consumption policies are linear in z it suffices
to keep track of the beginning of period distribution of wealth over age, (). The
existence of aggregate shocks implies that 2 evolves stochastically over time. [ use

® to denote the law of motion of {2 which is given by
Q' =d(Q,z2") (3.17)

. Notice that 2’ is a determinant of Q2 because it specifies 7’ and Z'. A change
in the tax rate, 7', induces a transition of the economy from an initial stationary
equilibrium to another. In analogy to models without aggregate risk, the aggre-
gate law of motion is time-dependent. Therefore, the recursive equilibrium of the

economy is defined as follows:

A recursive competitive equilibrium is a value function, v(j, z, z, 2), and a policy
function, m(j, z, 2/, V'), for the household, a policy function, K (z, {2), and pricing
functions, r(z, ) and Z(z, ), for the firm, policy functions, 7% and G(z, ), for
the government, the demographic distribution, /V, the wealth distribution, {2, and
its associated (aggregate) law of motion, ®(€2, z, 2’), such that for all (2, 2)

1. v(+), z(j, 2,Q), c(4, z, z,2), m(-) are measurable, v(-) satisfies a household’s

recursive problem, and m(-) is the associated policy function, given

E[r' (2, ®(Q, z,2'))], E[Z (¢, (£, 2, 2))], and z(-), following from

(8- p)s
1+ (8- 9)”

m =

D=
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,where o := E[m'~? - "% and R’ := 1+ r% . (1 — 7). Further

2. K () satisfies, given z,

3. G(-) satisfies, given 7,

5. the aggregate resource constraint,
C+G+I1=Y

holds;

6. the aggregate law of motion, &, satisfies

Q' =(Q,z2,2)

(3.18)
(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

. It is generated by the exogenous processes for technology and the tax rate

as well as the endogenous asset accumulation decisions as captured by policy

functions;

7. the initial endowment of newborn households equals the transfer from the

government;

€o = )

=l m

(3.25)

8. the transition matrix of the exogenous technology process (time invariant
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Markov chain) consists of the probabilities 7(2'|z) Vz, 2’ € {z, z1}.

Definition 2. A stationary recursive competitive equilibrium is a special case of the
equilibrium described above in which policy functions, m(-), K (-), G(-), 7%, and the

aggregate law of motion, ®, are constant in time.

3.4 QUANTITATIVE APPLICATION

3.4.1 ILLUSTRATIVE EXPERIMENT AND LAWS OF MOTION

The economy starts in an initial stationary equilibrium with a zero capital income
tax rate, 7&* = 0. This is the equilibrium that the economy is in up to and including
period 0. I consider the following experiment through which I induce a trivial
transition of the economy: The economy is hit by a surprise shock in period 1
which is characterized by an exogenous increase of the capital income tax rate to
5 = 0.25 for all periods t = 1,..., T

I follow Krusell and Smith (1997) and many others and take the capital stock as
the only relevant endogenous state variable at the aggregate level of the consid-
ered economy. The state z-dependent laws of motion in the initial and the final

stationary equilibrium respectively are given by

In K; 11 = ¢0(0,2) + ¢1(0,2) - In K (3.26a)
In Ky = ¢o(T, 2) + 01(T, 2) - In K. (3.26b)

During the transition, I consider the state z-dependent parameterized time law of
motion, cf. equation (3.3), and choose order n, = 0 for the Chebyshev polynomials

of equation (3.4) leading to

In Ky = exp(—v-t) - (¢0(0, 2) - to(2) + ¢1(0, 2) - ¥1(2) - In Ky)

+ (1 —exp(—v-t)) - (¢o(T,2) + 1 (T, 2) - In Ky) .

(3.27)

Given v I only have to estimate four parameters in the main step of the solution
procedure (cf. section 3.2.3): ¢,(z) for all p € (0,1), z € (%, 2;). This is the major

advantage compared to the BFKS approach in which each period of the transition

7As an alternative experiment, one may assume a fully anticipated shock in the sense that the
tax change takes place in some period ¢y > 1 which is sufficiently far in the future so that
anticipation effects do not move the economy away from the initial law of motion already in
period 1.
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has a separate law of motion of the form (3.26) amounting to a total number of
1600 coefficients (cf. section 3.2.4).

I evaluate the accuracy of the PTLM method by running an error evaluation as
explained in section 3.4.2 and comparing errors to the BFKS method. Note that
throughout, I solve households’ policy functions on a grid for the physical cap-
ital stock with n; nodes, and interpolate between the solutions at those nodes
in the aggregation step of the respective procedure. Section 3.B.1 in the appendix
presents the details on all solution steps involved. Resulting transitional dynamics,
corresponding computing time and approximation errors are discussed in detail in

section 3.5.

3.4.2 ERROR EVALUATION

I evaluate the quality of the approximation of the aggregate law of motion by re-
porting two types of errors. Let m = 1, ..., M¥¥ be the stochastic simulations of
the economy. In each simulation, let { K;,,}~, be the simulated time path, K ,,
given. Furthermore, let f(tjm denote the j-periods ahead prediction of the aggre-
gate capital stock in simulation m starting predictions from K, ,, in period ¢. I do
so by iterating on the aggregate laws of motion of the respective method under
evaluation. As a first measure, I compute the maximum prediction errors across
simulations at forecasting horizons 1 and .J periods, PEt1 and PEtJ , for each t

given by

EE

i M
} (3.28)
j=1

m=1

A

K

J

t,m

— — 1
J

t,m

PE} = max {PEZm}i\::Ef = max { max { || I

where ¢ denotes the prediction horizon. Thereby, I follow the call of Den Haan
(2010a) for evaluating the prediction power of laws of motion for more than one
period ahead. Note that I choose the forecasting horizon J as this is the maxi-
mum remaining lifetime of all households alive in period ¢. Observe further, that
these prediction errors are independent of potential errors in the solution of pol-
icy functions due to the selected structure of the individual household problem.
Along with prediction errors, I report the R? of regressions which is the standard

measure in the literature containing similar information to PE}.

As a second measure, I compute standard Euler equation errors. Those are also
solely caused by the approximation of the aggregate law of motion because, again,

the household problem exhibits analytical solutions. Let ¢ ;,, be period ¢ con-
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sumption of a household of age j in simulation m. The maximum Euler equation

error in period ¢ is

EE

M
EE, = max {EEtm}n]‘fflE = max {max {eetyj,m}j;(}}mzl (3.29)
where j denotes the age of the household and

E [(1 + r{frl’m) C(1=18) Uc(Ct+1,j+1,m)]

UC(Ct,j,M)

15

€Ctim =

H . (3.30)

For each ¢, j, and m, I directly observe K ,, as well as the denominator of the
fraction in (3.30). Meanwhile, I compute the corresponding numerator by applying
the aggregate law of motion and computing the expectation over all possible future
states of technology, 211, conditional on being in state 2; ,,.

3.4.3 CALIBRATION

Parameters of the model economy are summarized in table 3.1. The only parameter

Table 3.1: Parameters

Parameter Value
Household Sector

Discount factor, 0.9
Coefficient of relative risk aversion, 2.0
Technology

Capital share, o 0.672
Support of Markov process, {z;, 21 } {0.99,1.01}
Transition matrix, IT {0.9,0.1;0.1,0.9}
Time and Maximum Age

Time horizon, T’ 401
Maximum model age, J 60
Government

Capital income tax rate before reform, T({< 0.0
Capital income tax rate after reform, 7/ vt = 1,2,..., T 0.25

Source: Model economy. Notes: « is set such that the rate of return to capital in the initial
stationary equilibrium equals 7%. All other parameter values are chosen exogenously.

that requires commenting on is the elasticity of production with respect to capital,
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. It is set such that the rate of return to capital in the initial stationary equilibrium

equals 7%.

3.5 RESULTS

This section illustrates the properties of the solution approach (PTLM) by present-
ing results of the experiment described in section 3.4.1. I show the advantages
and disadvantages of PTLM by comparing its computing time and approximation
errors to the according measures when applying the alternative brute force ap-
proach (BFKS) as described in section 3.2.4. For both methods, I employ a simple
Gauss-Seidel algorithm described in, e.g., Ludwig (2007) when iterating on the co-
efficients of the respective laws of motion in the main step 5 of the procedure (cf.
section 3.2.3) which showed to be quicker than second-order methods. For the
sake of a valid comparison of computing times I choose consistent starting val-
ues across methods. Note that the description of results focuses on the transition
phase while figures also depict values from initial and final stationary equilibria
for comparative purposes. Results of the preparatory steps 1 to 4 of the solution
procedure which are identical across methods and all computational details can be

found in section 3.B.1.

Recall from sections 3.2.4 and 3.4.1 that the main potential advantage of PTLM
over BFKS is the smaller number of simulated time series needed for the determi-
nation of the coefficients in the respective aggregate laws of motion. The number
of coefficients to be determined in the BFKS method equals 1600. Therefore, I
set the number of simulated time paths to M7% = 50,000 which is at the up-
per end of typical values considered in the literature.® Imposing the same de-
grees of freedom in the regression step of the PTLM method would require only
MTE = 50,000 - 4/1600 = 125 simulated time paths for the determination of
its four coefficients. However, such a small number of simulations would neither
assure the unbiasedness of initial conditions’ nor of the stochastic technology pro-
cess. Therefore, I set M 7% to 5,000 when applying the PTLM method. This leaves
me with a reduction of simulated time series in the amount of 90% compared to
the BFKS approach.

8E.g., Krusell and Smith (1998), Gomes and Michaelides (2008), Storesletten, Telmer, and Yaron
(2007), and Harenberg and Ludwig (2015) consider 10, 000, 5,500, 20,000, and 36,000 sim-
ulations respectively when computing stationary equilibria. Santos and Peralta-Alva (2005)
elaborate on laws of large numbers for Markovian stochastic processes.

9Initial conditions are given by the combination of the initial capital stock, K1, wealth distribu-
tion, {k1 ; }3]:0, and technology state, z;.
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3.5.1 AGGREGATE LAws oF MoTION

Figure 3.1 shows resulting coefficients of the aggregate law of motion of the re-

spective method exemplary in the low productivity state, z;.'"° More precisely,

Figure 3.1: ALOM Coefficients, ¢¢(t, z;) and ¢1(t, 2;), under PTLM and BFKS
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Source: Solution of the model economy under PTLM (blue graphs) and BFKS (red graphs with
dots). Notes: The figure shows resulting coefficients of the aggregate law of motion exemplary in
the low productivity state, z;. Graphs contain the values from initial and final stationary
equilibria. They show a jump on impact (f{ = 1) and a smooth transition to the final stationary
equilibrium while effects differ quantitatively by method.

the left panel of figure 3.1 depicts ¢¢(t, z) while the right panel shows ¢ (, 2)
forallt € (0,...,7T), cf. equation (3.26). Note that the construction of ¢,(¢, z),
p € (0,1),t € (1,....,T — 1) for the PTLM method follows directly from equation
(3.27)."' While exhibiting quantitative differences both methods show the same
qualitative pattern, in that the coefficients jump on impact (period ¢ = 1) and

transit smoothly to the values of the final stationary equilibrium thereafter.

3.5.2 CompPUTING TIME

Next, I analyze the computing times of the two methods under consideration. The

center column of table 3.2 shows computing times for the key step 5 of the solution

YCoefficients in the high technology state, zj,, show similar dynamics and approximation degrees.
They are not shown here for the sake of brevity.
UEquation (3.27) rewrites as In K; 1 = ¢g(t, 2) + ¢1(¢, 2) - In K; where

Op(t,2) = exp(—v-t) - ¢,(0,2) - Yp(2) + (1 —exp(—v - 1)) - ¢ (T, 2) (3.31)

forallt € (1,....,7 —1),p € (0,1), 2 € (2, zn).
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procedure (cf. sections 3.2.3 and 3.B.1). This is the only source of a potential differ-

Table 3.2: Computing Time

only differing key step 5 | total
PTLM 233.2 2677.3
BFKS 2236.5 4455.6
PTLM/BFKS 10.4 % 58.7 %

Source: Solution of model economy under PTLM and BFKS. Notes: Computing time is reported in
seconds. The center column shows computing time of the key step 5 of the solution procedure
while excluding computing time for all remaining solution steps which are identical across
methods. The right column shows the total computing time under the respective method. PTLM
uses M TR = 5,000 stochastic time series while BFKS uses M 7% = 50, 000 stochastic time series.
This is the main source of time advantage.

ence in total computing time across methods. The numbers show that PTLM is the
much quicker method consuming only about 10% of the time that BFKS requires.
This is almost perfectly identical to the ratio of simulated time series under the
two methods which confirms the proposition of section 3.2.4. Those time advan-
tages in the key step of the solution procedure translate also into a smaller total
computing time of PTLM including all identical solution steps across methods (cf.
sections 3.2.3 and 3.B.1). This is shown in the right column of figure 3.2. Naturally,
the total time advantage of PTLM is smaller than its counterpart in the key solution
step only. In the relatively simple model under consideration total time advantage
amounts to a substantial level of about 40%. This number might even increase
either in the case of a more complex transition which requires the computation of
a longer transition period or in the case of a more complex model. Consequently,
the weight of step 5 in the total computing time would rise boosting the time ad-
vantage of PTLM over BFKS. However, more complex transitions or models might
also afford the application of higher order polynomials in PTLM in order to keep
approximation errors low. This increases the number of simulations in PTLM and
depresses its time advantage over BFKS. Hence, the effect of the complexity of the
model and the transition under consideration on the total time advantage of PTLM

remains indeterminate.

Computational tractability plays a key role in macroeconomic analysis using het-
erogeneous agent models. This suggests that the PTLM approach potentially shifts
out the feasibility bound of computing transitional dynamics in heterogeneous

agent models with aggregate risk. The application in a companion paper (Geppert
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and Ludwig (2015)) gives rise to this hope.

3.5.3 APPROXIMATION ERRORS

Finally, I evaluate the errors arising from approximating the aggregate law of mo-
tion by the respective method based on the evaluation measures presented in sec-
tion 3.4.2. Therefore, I simulate the economy M EE — 50,000 times for each of the

two methods. Figure 3.2 shows resulting Euler equation errors. The graphs reveal

Figure 3.2: Maximum Euler Equation Error
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Source: Evaluation of approximation errors under PTLM (blue graphs) and BFKS (red graphs with
dots). Notes: Graphs show the maximum Euler equation errors of all agents alive in the respective
period and contain the values from initial and final stationary equilibria. Both graphs exhibit a
drop in the error level on impact (¢ = 1) and a mostly smooth transition to the error level of the
final stationary equilibrium thereafter. The absolute error level is very low and errors differ just
negligibly across methods. Errors are evaluated by simulating M Z% = 50, 000 time series each.

that Euler equation errors are very low throughout and do not exceed 0.005% in
the transition of the model economy for either method. This points to a very good
level of approximation by both methods. The error level drops on impact (t = 1)
and follows a smooth transition to the level of the final stationary equilibrium

thereafter. Note that Euler equation errors are almost identical across methods."*

A similar conclusion can be drawn from the evaluation of prediction errors both,

with a forecasting horizon of 1 and up to J periods ahead. Errors are defined as

12T use the same initial conditions and the same stochastic time series of technology shocks for
both methods for the sake of valid comparison across methods.
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relative deviations of the predicted capital stocks from their realized counterparts,
cf. equation (3.28). The left panel of figure 3.3 reveals that the maximum error of
1-period ahead predictions during the transition is very small and does not exceed

0.025% for either method. This coincides with very high values of the minimum

Figure 3.3: Maximum Errors of 1- and up to J-Periods Ahead Predictions
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Source: Evaluation of approximation errors under PTLM (blue graphs) and BFKS (red graphs with
dots). Notes: Graphs show the maximum errors of predicting the aggregate capital stock 1 (left
panel) and J (right panel) periods ahead in the respective period, cf. equation (3.28). Errors are

defined as relative deviations of the predicted capital stocks from their realized counterparts. All
graphs contain the values from initial and final stationary equilibria. They show a higher error

level close to the policy change (¢ = 1) and a relatively smooth transition to the error level of the
final stationary equilibrium thereafter. The absolute error level is low. BFKS appears to
outperform PTLM by up to 0.007% and 0.15% for 1- and up to J-periods ahead predictions
respectively. Errors are evaluated by simulating MZ% = 50, 000 time series each.

R? measure of the respective regressions equaling 0.999999 (PTLM) and 0.999972
(BFKS). Meanwhile, prediction errors with a forecasting horizon of up to .J periods
are one order of magnitude higher. This is shown in the right panel of figure 3.3
and concerns in particular the first 150 periods in the transition. While quantita-
tive differences across methods are still small BFKS appears to outperform PTLM
in particular in the periods close to the exogenous policy change (t = 1). However,
note that error levels of PTLM are throughout acceptable'® and the advantage of
BFKS with respect to the approximation precision does not exceed 0.007% and
0.15% for 1- and up to J-periods ahead predictions. Table 3.3 summarizes approx-

imation errors.

BCompare Den Haan (2010a) for a notion on acceptable error ranges.
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Table 3.3: Summary of Approximation Errors

maximum/minimum average
PTLM BFKS PTLM BFKS
EE 4.8E-05 4.8E-05 1.6E-05  1.6E-05
PE' | 2.3E-04 1.9E-04 4.7E-05  4.5E-04
PE’ | 6.1E-03 4.6E-03 6.0E-04  5.7E-04

R? 0.999999  0.999972 | 0.999999 0.999980

Source: Evaluation of approximation errors under PTLM and BFKS. Notes: E'E is the maximum
Euler equation error of all agents alive, cf. (3.29). PE" is the prediction error with forecasting
horizon 1. PE” is the maximum error of predicting up to .J periods ahead, cf. (3.28). R? is the
minimum coefficient of determination of all regressions. The center column shows the maximum
(for EE, PE', PE”) respectively minimum (for R?) values of all simulations and time periods in
the transition excluding values from initial and final stationary equilibria (the latter can be found
in section 3.B.1). The right column depicts the corresponding average values over all simulations.
Numbers indicate a very good level of approximation by both methods. BFKS appears to
outperform PTLM slightly, in particular with respect to predictions of up to J periods ahead.
Errors are evaluated by simulating ME¥ = 50,000 time series each.

3.6 CONCLUSION

I develop a procedure to solve for transitional dynamics in models with aggregate
shocks when these transitional dynamics are driven by exogenous deterministic
processes. My method is easy to implement in that it combines well-established
tools for solving heterogeneous agent models. The key element of the approach
is a flexible parameterization of the coefficients in the laws of motion of aggre-
gate endogenous state variables. Identification of the underlying parameters is by
regression using realizations from stochastic simulations of the model along the
transition. This central step of the procedure requires a much smaller number of
stochastic simulations than an alternative brute force approach because I exploit

time variation in addition to variation across simulations.

Using an illustrative example, I demonstrate that the parameterization of the co-
efficients of the aggregate laws of motion by time polynomials of Chebyshev’s
first type lead to very small prediction errors. The errors are similar in size to a
brute force approach while outperforming the latter in terms of computing time
by substantial 40%. In the example, I deliberately develop a very simple economic
model with inter-generational heterogeneity only in order to focus on the determi-
nation of the coefficients in the parameterized laws of motion as the key element

of the procedure. However, the application of my method to more general mod-
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els is straightforward as long as the mean shock path of the economy is easy to
determine. Models that combine idiosyncratic shocks as in Aiyagari (1994) with
aggregate risk have to be solved using standard procedures that aggregate over
cross-sectional measures along the path with mean shock realizations. Further-
more, [ used the aggregate capital stock as the only relevant endogenous aggregate
state variable. In a companion paper, Geppert and Ludwig (2015), my co-author
and I consider an application of the method using two aggregate state variables
and second order polynomials in a model of deterministic demographic change.
It shows that the time advantage of the method is key and renders computations

feasible.
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APPENDIX 3.A THEORETICAL APPENDIX

3.A.1 SovruTIiON OF THE HOUSEHOLD PROBLEM

In what follows, I solve for the household policy function.

Proposition 3. The optimal age-dependent consumption function is linear in cash-

on-hand,

whereby the marginal propensity m to consume out of cash-on-hand x is given by

(B-p)7

-, where p:=E[m' " R
1+ (B-p)°

m =

Proof. 1 guess that v = m™% - 217%/(1 — §) where m is the marginal propensity
to consume out of x and show below that this is indeed true. From the guess it
follows that

v = max
c

C1—0 (QJ _ 0)1—9 . ﬁ . E[(m/)_a . R/lfe}
{ 0" 1-0 }

The first order condition with respect to c is

(=) B-E[m)? R =0

Defining n := 3 - E[(m/)~? - R 1 get ¢ = (x — ¢)~% - n, or equivalently

D=

n-

1+n~

¢ = m-x wherem =

SN

It is left to show that indeed v = m~? - 2'7%/(1 — ). Using ¢ = m - = and
n=p3 E[(m)? R invlget:

10
1-6 1-6
= 1x_9 m=? + f—@ (1-—m)%.n
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1-0 1-0
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APPENDIX 3.B COMPUTATIONAL APPENDIX

Numerical computations are implemented in Fortran 90 using routines which are
partly based on Press et al. (1996). All computing times refer to an Intel Xeon
CPU E5-2620 v2 @ 2.10 GHz not parallelizing the code. If not otherwise stated
the convergence criterion of a root finding algorithm is set to 107 and the weight
on resulting variables in the updating step of a Gauss-Seidel algorithm (cf., e.g.,
Ludwig (2007)) is set to 99%.

3.B.1 SoLuTIiON STEPS

I present the implementation steps of my procedure solving the model of section

3.3 in an order corresponding to section 3.2.3.

1. Mean Shock Path:

Taking the exogenous variation of capital taxes as given, first, I solve for the
mean shock path of the aggregate capital stock in the economy. To do so, I
set the realization of the productivity shock to E[z] = 1 in all £. Second, I
solve for the initial steady state in ¢ = 0 and the final steady stateint¢ = T’
by iterating on K|, respectively K until convergence. Third, I solve for

the transition by iterating on { K, }7_;' until convergence given K, and Kr.
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This is done by applying fixed point iterations using a standard Gauss-Seidel
method. Throughout, the solution of the household problem is analytical
taking expectations on z and given that the aggregate law of motion along
the transition is exactly known. The resulting mean shock time path of the

aggregate capital stock, { KM }L_, is shown in figure 3.B.1.

Figure 3.B.1: Mean Shock Path of Aggregate Capital Stock
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Source: Solution of the auxiliary mean shock path.

2. Time Dependent Grids:

Next, I specify time dependent grids for the aggregate capital stock, G. I do
so by choosing n = 11 equally spaced grid points in the range {(1 — s*) -
KM (14 s%) - KM} for all ¢ setting s = 0.5.

. Stationary Equilibria:

I apply a standard Krusell and Smith (1997, 1998) method to determine the
coefficients, ¢,(0, z) and ¢,(T, z) for all p € (0,1), z € (, z3), of the ag-
gregate laws of motion in the initial and the final stationary equilibrium
respectively, cf. (3.26). I do so by M*% = 55,000 stochastic simulations of
each stationary equilibrium given K, = K" as initial value while discard-
ing the first 5, 000 simulations. This involves fixed point iterations applying
a Gauss-Seidel algorithm to minimize || ¢,(t, z) — ¢, (t, 2) || forall p € (0, 1),
2 € (z,2,),t € (0,T). ¢,(t, z) denote the resulting coefficients from regres-

sions which are non-linear functions of ¢,(, 2).

Resulting coefficients and approximation errors are shown in table 3.B.1. Eu-
ler equation errors are very small and prediction errors are lower than 1%

even for the multi-period ahead forecasts.
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Table 3.B.1: Initial and Final Law of Motion

t=0 t=T
Coefficients
Go(t, ) 0.1450  0.1323
1 (t, ) 0.9788  0.9797
bo(t, 21) 0.1513  0.1394
o1 (t, 2n) 0.9782  0.9789
Errors
FE, 5.6E-05  4.7E-05
PE} 1.6E-04  1.5E-04
PE/ 4.1E-03  3.9E-03
R? 0.999973  0.999976

Source: Solution of the model economy in the initial and the final stationary equilibria. Notes:
Coefficients and approximation errors are all based on M*°% = MF¥ = 55 000 stochastic
simulations of which the respective first 5, 000 are discarded. Errors are computed in analogy to
section 3.4.2. E'F; is the maximum Euler equation error of all simulations and agents alive in
period ¢, cf. (3.29). PE} is the maximum prediction error with forecasting horizon 1 of all
simulations in period ¢. PE; is the maximum error of predicting up to .J periods ahead of all
simulations in period t, cf. (3.28). R? is the minimum coefficient of determination of regressions
of all simulations in period ¢.

4. Rate of Convergence Speed:

Given ¢,(0, z) and ¢, (T, z) for all p, z, I determine'* the rate of convergence
speed, v, in equation (3.27) to equal 0.035. This results from a non-linear
regression using a scaled version of the mean shock path, { K{'}Z_,, where

I exploit information from the stationary equilibria."

Note that this also yields coefficient estimates of the time polynomials, 1),,(2)
for all p, z, which are used as the initial guess in the next step of the proce-

dure.'®

5. Transitional Dynamics:

141 apply a derivative-free Powell algorithm based on Press et al. (1996) which turned out to be
more robust than alternative gradient based methods.

5T multiply the mean shock path by scaling factors {7;}7_,. The scaling factors in the two sta-
tionary equilibria equal 79 := E[K(]/K{" and yr := E[K7]/K}" where E[Kj] and E[K7]
denote the average capital stocks from simulations in periods 0 and 7" respectively. Finally, I
interpolate linearly between 79 and 77 yielding {7;:}7".

ISFor the sake of consistency, I use the implied resulting values of ¢, (¢, z) forall ¢t € (1,...,T —
1),p € (0,1), z € (2, z,) as an initial guess in the BFKS approach which I compare my method
to. Note that equation (3.27) rewrites as In K; 11 = ¢ (¢, 2) + ¢1(¢, 2) - In K; where

Op(t,2) == ¢p(0,2) - Pp(2) - exp(—v - t) + ¢p(T, 2) - (1 — exp(—v - t)

forallt € (1,....,7 —1),p € (0,1), 2 € (2, zn).
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This is the key step of the procedure. Given ¢,(0, z) and ¢,(7’, z) for all p, 2
as well as v, solve for the coefficients of the time polynomials, ¢p(z) for all
p € (0,1),z € (2, z1,), in equation (3.27) by the following procedure:

a) Given 1, (z) for all p, z, solve the policy functions at all points in the
grids G s forallt =1,...,T — 1.

b) Simulate the economy M7T% times along the transition of T-1 periods
given a random initial value, K, from the simulation of the initial sta-
tionary equilibrium under step 3 and obtain { K} ;.

c) Regress {K,}]_, onthe right-hand-side of equation (3.27) using { K, }
and obtain 1/A}p(z) for all p, .

d) If || 4,(2) — 1p(2) ||< € where € is some convergence criterion, stop.
Else, update 1,,(z) in step 5a.

6. Error Evaluation:
Given the policy functions at all grid points determined in the precedent

step I evaluate approximation errors in M¥¥ stochastic simulations along

the transition according to section 3.4.2.

Resulting transitional dynamics as well as corresponding approximation errors

and computing times are presented in section 3.5.
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