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Abstract

Milgrom and Shannon [1994] have shown the equivalence of the
(strict) single crossing property and the (strict) Spence-Mirrlees condi-
tion for a class of completely regular C? functions. Edlin and Shannon
[1998] have proven that the equivalence holds only in the weak cases,
while with strict conditions only a one-sided implied relationship holds.

This article shows the importance of complete regularity assumption.
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1 Completely regular or not completely regular?

The main contribution of this article is to test the validity of Theorem
1 below (about the equivalence of the Spence-Mirrlees condition and the
single crossing property) when applied to the class of functions that are C'*
but not completely regular, which Milgrom and Shannon [1994] define as

follows:

Definition 1 (Milgrom and Shannon (1994) definition). If a func-
tion f is continuously differentiable and the indifference sets of f are path-

connected, then f is said to be completely regular.

As I will show below, the complete regularity assumption or, to be more
precise, the assumption of path-connected indifference sets, is critical for the
theorem to hold. The assumption of differentiability cannot be dropped,
since the definition of the Spence-Mirrlees condition requires functions to
be differentiable. The assumption of countinuous differentiability is not
investigated here.

Before proceeding any further, some definitions and the main theorem,
due to Milgrom and Shannon [1994] and Edlin and Shannon [1998], should

be given:

Definition 2. Let f : X x T' — R be continuously differentiable, where
X C R2. Then f is said to satisfy the (strict) Spence-Mirrlees condition if
fz/|fy| is (increasing) nondecreasing in ¢, and f, # 0 and has the same sign

for every (z,y,t).

Definition 3 (Milgrom and Shannon (1994) definition). Let X and
T be partially ordered sets. A function f: X x T — R is said to satisfy

the single crossing property in (x;t) if for all 2’ > x*:

1. whenever f(2/,t*) > f(z*,t*), then f(2/,t") > f(a*, ) for all ¢/ > t*;

and

2. whenever f(2/,t*) > f(a*,t*), then f(2/,¢') > f(z*,t') for all ¢’ > ¢*.



The function is said to satisfy the strict single crossing property in (z;t) if
for all ' > x*, whenever f(z2/,t*) > f(z*,t*), then f(2/,t) > f(z*,t') for
all ¢/ > t*.

Theorem 1 (Milgrom and Shannon (1994) Theorem 3, Edlin and
Shannon (1998) Theorem 2.1). Let R? be given levicographic order,
with (z,y) > (2',y') if either v > 2’ or x = 2’ and y > y'. Suppose
that U(z,y;t) : R2 x R — R is completely regular with U, # 0. Then
U(x,y;t) has the single crossing property in (x,y;t) if and only if it satis-
fies the Spence-Mirrlees condition. Moreover, U(x,y;t) has the strict single
crossing property in (x,y;t) if it satisfies the strict Spence-Mirrlees condi-

tion.

Below, I will construct a function which has disconnected indifference
sets, but otherwise satisfies all of the prerequisites of the theorem. As I will
show, such a function fails to have the single crossing property even though
the Spence-Mirrlees condition is satisfied everywhere.

The idea is to construct a function similar to F'(z,y,t) shown in Picture
1. For F' = 0 and above, say, this function has disconnected level curves with
asymptotes at x = 0 and y = 0. For this function to behave in accordance
with the Spence-Mirrlees condition, the level curves of F' > 0 have to be
rotated a bit in a clockwise direction (with the change in ¢), but retain
asymptotes as previously, and not cross F' = 0. Suppose, further, there are
points (#,7) and (Z,y) with # < 0 < Z, and ¢ < f, such that F(,7,1) =
F(z,5,t) = F and F(&,3,t) = F(%,7,t) = F. Then there must be a
point (z*,y*), as shown in Picture 1, such that z* > & and F(z*,y*,t) >
F(z,75,t) = F(z,9,1) = F, but F(z*,y*,t) < F(&,7,t) = F(&,7,1) = F,
thus violating the single crossing property. I shall now construct such a
function F.

Consider the following example.

Let (z,y;t) € R? x R and R? be equipped with the lexicographic order.

Let the functions u and g be defined as follows:

u(z,y) =ya® —e ¥ (1)
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Figure 1: Function F



o) = arctan(t) 415 @)
T
Note that g(t) is a strictly increasing function, bounded between 1 and 2,
and u(z,y) is C*° with (%u(x,y) = 22 + 27Y > 0. Furthermore, u(z,y)
is not completely regular, for it has disconnected indifference sets for all
u(z,y) > 0.

Further, define functions ¢ and ¢ as follows:

1 u(z,y) <0

lulz, ), g(t) = L MOV (3)
1—ev@w)?? wux,y)>0
1 u(z,y) <0

o(u(r,y),g(t)) = —g(t) (0] (4)

1+ eu@v)?  wu(z,y) >0

Here, both functions are C'°°° not only in their own arguments, but also in
x, y and t, with ¢ (u(z,y), g(t)) being strictly decreasing in u for v > 0 and
bounded between 1 and 0, for all ¢, and ¢(u(z,y), g(t)) strictly increasing
for u > 0 and bounded between 1 and 2.

To show that v is C*° in x, y and ¢, consider the following construction.

Define A : RxRxR — R x(1,2) as follows: (z,y,2) — (u(z,y),g(z)).
Since both u and g are C*°, A is also C'*°.

Now, define B : R x (1,2) — R by if x > 0, (z,y) — (1 — e_y/”Q),
otherwise (x,y) — 1. The function e=¥/2* is C*°, and so is 1 — e~%/%*, for
any y and for all x > 0. But when x —_ 0 and for any y, 1 — e~¥/%* tends to
1, while e~9/7% tends to 0, as does every partial derivative of eyl And,
when x < 0, then the function is constant, with all derivatives equal to 0
everywhere. So, B is C*°.

But then the composite function B(A(z,y,t)) = ¢(x,y,t) must also be
C for all (z,y,t) e Rx R x R.

Similarly, ¢ is also C*°.

Now, define function U(x,y;t) : R?> x R — R by:



ya? — (e )y (u(z,y),9(t)) =<0
Ulx,y;t) = ya? —e Y r=0

ya® — (e )p(u(z,y),g(t)) x>0

()

Then this function is C!, indeed C™, in z, y and t. I have already shown
that ¥ (u(z,y),g(t)) and p(u(zx,y), g(t)) are C*, so the top and bottom lines

of Equation 5 are both C°°, since other components are also C*°. Now I

need to show that their one-sided limits as x — 0 equal the middle line,

and that the function is smooth at x = 0. For all y, there exists ¢ > 0
such that as |z| < e, u(z,y) < 0. But as u < 0, both ¥ (u(x,y),g(t)) and

o(u(x,y),g(t)) are equal to 1, and all of their derivatives are zero. So, all

three lines of the piecewise function U coincide, as well as their derivatives,

when z = 0. Alternatively, one could rewrite Equation 5 as follows:
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Next, %U(m,y;t) # 0 for all (x,y,t). To see this, consider U,:

2? + (e )Y (u(z,y), 9(t))

—(e ) uy(z, y)u(u(z,y),9(t)) =<0
Uy(z,y;t) = ¢ a®+e¥ x=0
2 + (e Y)p(u(z, y), g(t))

\ —(e™)uy(z, y)ou(ulz,y),9(t)) >0

(6)

The two top lines in Equation 7 are positive, since i, (u(x,y), g(t)) <0,

uy(z,y) > 0 and Y (u(z,y),g(t)) > 0. Then Uy, only needs investigating for



z > 0. Rewrite it as follows:

2%+ (e)p(u(x,y), g(1) — (e¥)uy(z, y)pu(u(@,y), 9(t))
224 eY u(z,y) <0

—9(t) 8
=< ¥+ e V4 (e Y)euy)? ®

o2 oy 200) ey
(e7¥)[x® +e7Y] geu@v)® u(x,y) >0,

u(z,y)

where the top line is always positive, and the bottom line can be factorised

as follows:

2g(t) —g(t) B —g(t)
27 _eu(ey)? | 4 (e y)eu(zyyyﬁ (9)
u(z,y)?

(2% +e7Y]|1 - (e7Y)

In Equation 9, the first factor and the last part are always positive (in
fact, the last part is bounded between 0 and 1, since u(z,y) > 0 only for
y > 0). The second factor turns out to be bounded between 0.180167 and
1.1

Hence, U is continuously differentiable and U, > 0 everywhere. However,
U has disconnected indifference sets whenever U(z,y;t) > 0. Further, I
will show that a modification of this function satisfies the Spence-Mirrlees
condition, but fails to have the single crossing property.

From Equations 3, 4 and 5, it should be clear that U(z,y,t) does not
depend on ¢ for U < 0, since for U < 0, U(z,y,t) = u(x,y). The only effect
t has, then, comes when u > 0 and U > 0, through (-, g(¢)) for z < 0 and
©(-,g(t)) for > 0. For x < 0 and u > 0, U, /|U,| is as follows:

. 2y <1 n me—g@)/u(-)?e—y)

Uyl

(22 4 e7Y) <1 + Z%,(;:Ze—g(t)/u(-)%—y> — e—g(t)/“(‘)Qe‘y)

!This was found using Mathematica.



while for > 0 and v > 0, U, /|U,| is as follows:

ny(l — ff}c(;fgeg(t)/u(~)26y)
= . (11)

(22 + e~¥) <1 - isg{)tgega)/u(-)?ey) + eg(t)/u<->2€y>

Us

Uy

Differentiating Equations 10 and 11 with respect to ¢t and then simplify-

ing gives, respectively, Equations 12 and 13 below:

oYz
01— ge-3u-20(0/ute)? g (1) <262y+g(t>/u<x,y>2‘ _ o9 /ulzy) 4

a4 e ) (1+ %e—y—g(t)/uwy)z) ‘u(x,y)3(—g(t) + u(z, y)?)+

+(2g(t) + vt IO/ @Dy (3, 4)3) [2(1 + a?el)g(t)—
—u(x, y)2(2 + 2e¥2? + eYu(x, y))])/Q2,

(12)
Uy
% = 2= 3=29()/u(@9)? 3y o/ (1) <2e2y+g(t)/u(wﬂ)2 e—v—9(t)/u(zy)® .
Ha b )1 B e o0 e, ) g(0) - ua

+(—2g(t) + Ut /u(@y)®y (g, v)?) [ —2(1 + z2e¥)g(t)+
+u(z,y)?(2 + 2e¥2? + eVu(z, y))])/R2

In Equation 12, < 0, while in Equation 13, > 0. Every other term
in both equations before the large brackets is positive, as are Q% and R2.
Hence, to know the sign of the whole equation, further simplifying the inner

parts gives:
—elu(z,y)” (2 + /IO y (3 y)), (14)
and

eYu(z,y)’(—2+ eI/ u@y)y (g Y)). (15)



Here, Equation 14 is always negative, which together with x < 0 implies
that Equation 11 is always positive, for z < 0 and u(z,y) > 0. In Equation
15, for z > 0 and u(z,y) > 0, eerg(t)/“(z’y)Qu(x,y) is bounded below by
eg(t)/“(xvy)zu(x, y) (since y > 0), which in turn is bounded below by 2.33164,2
which means that Equation 15 is always positive, in a given range. This
in turn implies that Equation 10 is also always positive, for z > 0 and
u(xz,y) > 0. Therefore, by this and everything mentioned earlier, the weak
Spence-Mirrlees condition is satisfied everywhere for this function U(x, y, t).

The above function, however, satisfies the single crossing property ev-
erywhere. For points in the quadrant I, Theorem 1 applies, as it does for the
points in the quadrant IV, while for y < 0 the function U does not change
in t. However, for all points (z,y) with 2 < 0, U is decreasing in ¢, while for
all x > 0, U is increasing. To see that this is the case, note that ¢ enters U
only through 1 and ¢, which are increasing and decreasing in ¢, respectively.

Since for x < 0,

9 g uley)?
Ye(+,9(t)) = We 9(t)[u(xv)” > 0, (16)
and hence
U; = —efyglwg(-,g(t)) >0, (17)

and for = > 0,

/

g — u\xr 2
©g(+ 9(t) = Ty 9O/ulzy) <, (18)
and so
Up = —e Yg'pq(-, g(t)) > 0. (19)

Therefore, for all (z,y) and (Z,gy) such that z > 0 > z, U(,y,t) —
Ul(t,7,t) is increasing in .

2This is found using Mathematica, and given that g(t) is bounded between 1 and 2.



We can modify the function U, however, to get a function F' with all the
desired properties of U, but failing to have the single crossing property. Let

(z,%), (Z,79) and £ < £ be such that U(%,7,t) = U(Z, 7, 1).

Next, define function ¢ as:

Y, t
5.0 (mxi' (20)
Now, let the function f(U(x,y,t),q(t)) be defined for U > 0 and ¢ > ¢, be
bounded below by U = 0 for all ¢, be C*° with limy_, é")(U(x, y,t),q(t))
= 1foralln =1,2,..., beincreasing in U, and be equal to q(t)U (z,y, t) after
some U(z,y,t) = U < U(z,y,t), with limy_y ,(Jn)(U(x,y,t),q(t)) = 1.
Next, define F' as follows:

Ul(z,y,t) U(x,y,t) <0orx <0

fU(x,y,t),q(t)) otherwise. (21)

F(z,y,t) = {
For U(z,y,t) < 0 or for z < 0, F = U, so all the properties of U are
preserved. For x > 0,0 < U < U’ and t > t, F smoothly changes U into
qU, equalling qU for all U > U’. To see that F preserves the properties of
U necessary for the theorem, I will show that F is C! and F, > 0.
To see that it is C'1, it suffices to note that f is C* and that for all ¢,
as U — 0 from the right, fy — 1, and so f; = fyUs +¢'U — Uy, fy — Uy,
and f, — U,. To show that F' is C*° is not difficult either.

Next, consider Fy:

Uy(z,y,t) U(z,y,t) <0orz <0,

fu(U(z,y,t),q(t))Uy(z,y,t) otherwise. (22)

F y (-T 'Y, t) = {
Here, both rows are positive, since fyy > 0.

Hence, all of the requirements are satisfied. Moreover, I’ was constructed
in such a way as to preserve the shape of the indifference curves of U.

_ _ U 23
] = U, < Fol 10, (23)




for all (z,y,t), since Fyy > 0 for all U. Therefore, F satisfies the Spence-
Mirrlees condition everywhere.

Now, consider (Z,%), (Z,§) and ¢ < t as above, so that F(Z,7,t) =
U(%,9,t) = U(z,3,t) = F(Z,y,t). But then, as t = ¢, F(%,9,t) = U(%, 7,1
= U(z,7,%) x % = F(z,7,1).

Then, there exists some (z*,y*) with 0 < z* < Z, such that F'(z*,y*,t) >
F(z,i,t) = F(z,7,1), but F(z*,y*,t) < F(2,9,t) = F(,7,t), as shown in
Picture 1. Therefore, I’ satisfies the Spence-Mirrlees condition, but fails to

have the single crossing property.

2 Conclusion

I have shown that, under certain conditions, the result about the equivalence
of the (Milgrom-Shannon) single-crossing property and the Spence-Mirrlees
single crossing condition only holds for the class of completely regular func-
tions, that is C! functions with path-connected indifference sets. If to allow
for disconnected indifference sets, even for C'! functions, the result fails. In
particular, the Spence-Mirrlees condition may hold while the single-crossing
property fails.

The importance of my finding is that for C! functions, in general, com-
parative statics results which were developed based on the single crossing
property may be invalid.

Also, it may be interesting to investigate whether, for such functions,
the Spence-Mirrlees condition holds whenever the single-crossing property
holds.
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